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Question 1 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Part of the graph of y = 12tan™*(x) is shown below.
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Question 1 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Solution
The horizontal asymptotes of y =tan"!x are y = 5 and y = —%. Therefore
the asymptotes of y = %tan_lx arey =7 and y = —7.

ANS: E (85%)



Question 2 THE MATHEMATICAL
o) ASSOCIATION OF VICTORIA
1

VsinTH(ex + d)

Consider the function f with rule f(x) = , where ¢, d € R and

c>0.
The domain of f is
A x> _d
c
B _g < X g ﬂ
c c
C _1_d§x§ 1-d
c c
d
D R\<{—=
X € \{ C}
ExeR
Solution
We require that sin"!(cx + d) > 0. Therefore 0 < cx +d < 1 and so
d 1-d .
—o<x= (since ¢ > 0).

ANS: B (60%)



Question 3

THE MATHEMATICAL
A ASSOCIATION OF VICTORIA

Which one of the following, where A, B, C and D are non-zero real numbers, is

the partial fraction form for the expression

2x2 4+ 3x+1
2x+13(x2—-1)

A B C
2x +1 x—1+x—|—1
B A n B i C n Dx
2x+1  (2x+1)2  (2x+1)3 x2-1
C A Bx + C
2x +1 x2—1
D A B " C
2x+1  (2x+1)2 x-1
£ A Bx+ C n D
2x+1  (2x+1)2  x-1



Question 3 THE MATHEMATICAL
o) ASSOCIATION OF VICTORIA

Solution
2x2 4+ 3x+1

(2x+1)3(x2-1)

1
(2x+1)2(x —1)°

The algebraic fraction simplifies to

2x2 4+ 3x+1
(2x+1)3(x2-1)

A n B n C
ex+1)  (2x+1)2  x-1

Therefore can be expressed in the form

Note that option E is not valid as the question states that the real constants A,
B, C and D are non-zero.
ANS: D (46%)



Question 4 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

If cos(x) = —a and cot(x) = b, where a, b > 0, then cosec(—x) is equal to



Question 4 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Solution
We have that

1
cosec(—x) = ———
sin(—x)
-1
sinx
Now since
Cos X
cotx = — =
sin x
and cos x = —a we have that
-1 b
sinx a

ANS: A (49%)



Question 5 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Let z = a—+ bi, where a, b € R\ {0}.

If z+ 1 € R, which one of the following must be true?
z

T

A =
Arg(z) = 7

Ba=-b

Ca=b»b

D |z|=1

E =1



Question 5 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Solution
If z=a+ bi then

ST N Y
z a2 + b2 2+b2)

1 b
Ifz+;eRanda,beR\{0}then b—mzoandso
b
b_a2+b2
1
“l=2ip
=1=a>+b

ANS: D (41%)



Question 6 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

The complex numbers z, iz and z + iz, where z € C \ {0}, are plotted in the
Argand plane, forming the vertices of a triangle.
The area of this triangle is given by
A 2|
B |z| + |2
21
2
D |2
E \/§2\z|2

C



Question 6 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Solution
Draw a diagram:

Im(z)
4 |z + iz
iz(&
\\ ~ 2
: - Re(z)
-2 2

The area is 1|z|°. (58%)
ANS: C (58%



Question 7 THE MATHEMATICAL
o) ASSOCIATION OF VICTORIA

A curve is described parametrically by x = sin(2t), y = 2cos(t) for 0 < t < 2.
The length of the curve is closest to

A 9.2
B 9.5
C 122
D 125
E 383

Solution
Use length of the curve is

27
/ \/(2 cos(2t))® + (—2sin t)* dt = 12.1944.
0

ANS: C (78%)



Question 8 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

x
Using a suitable substitution, / tan®(x) sec’(x) dx can be expressed as
0

1
N 2
A/ u' 4+ u') du
()
2
V3 [ 4 2
B/ u 4+ u) du
()
1
C/ﬁudu
0
D/6u2du
0

1
E /ﬁuzdu
0



Question 8 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Solution

du

Let u = tanx. Then I sec? x and so du = sec® x dx.
Ix

When x =0, u:OandWhenX:%, u= -+

expressed as

. Therefore the integral can be

S

ANS: E (71%)



Question 9 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

. . . . d 2
A solution to the differential equation Y _ can be

dx  sin(x+y) —sin(x —y)

obtained from

A /1dX:/2sin(y)dy

B / cos(y) dy = / cosec(x) dx
c / cos(x) dx = / cosec(y) dy
D /sec(x)dx:/sin(y)dy
[ s

E [ sec(x)dx = /cosec(y) dy



Question 9 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Solution
sin(x + y) — sin(x — y) = 2cos xsiny and so the differential equation is

dy _ 1
dx ~ cosxsiny’

Separating gives

—siny d
COS X sinyay

/secxdx:/sinydy.

and therefore

ANS: D (69%)



THE MATHEMATICAL
ASSOCIATION OF VICTORIA

Question 10

A
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The differential equation that best represents the direction field above is

_x—2y
Ty —2x
_2x—|—y
T2y —x

dy
dx
dy
dx

2x+y
y —2x
X+ 2y
2x —y
2x —y
X+ 2y

dy
dx
dy
dx
dy
dx



Question 10 THE MATHEMATICAL
o) ASSOCIATION OF VICTORIA

Solution

We can eliminate options until we arrive at the correct answer.

Note that (for instance) when x = 3 and y = 6 that & is undefined. This
eliminates options C and E.

If y =0 then % < 0. This eliminates option B.

If x =0 then % > 0. This eliminates option D.

The only remaining option is A.

ANS: A (65%)



Question 11 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Consider the vectors given by a = mi +j and b =i+ mj, where m € R.
If the acute angle between a and b is 30°, then m equals

AV2+1
B2++3

1
cﬁ,%
V3

V39
13

D

&

E



Question 11 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Solution
a-b=2mand |a| = |b| = vV/m? + 1. The acute angle between a and b is 30° so
o V3 2m
cos 30" = - = 1

Use CAS to solve this equation and find that m = v/3 or m = %
ANS: C (80%)



Question 12 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

If |]a+b| = |a| + |b| and a, b # 0, which one of the following is necessarily

true?

A ais parallel to b

B [al = bl

Ca=b

Da=-b

E ais perpendicular to b



Question 12 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Solution

It is necessarily true that if |a + b| = |a| + |b| then a is parallel to b.
ANS: A (36%)



Question 13 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

The position vector of a particle that is moving along a curve at time t is given
by r(t) = 3cos(t)i + 4sin(t)j, t > 0.

The first time when the speed of the particle is a minimum is

A3

B L



Question 13 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Solution
We have i(t) = —3sinti+ 4 costj and so

li(t)]> = 94 7cos’ t.

This is first a minimum when cost = 0. That is, when t = E.
ANS: B (65%)



Question 14 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

The scalar resolute of a = 3i — 2k in the direction of b = —i + 2j + 3k is
9v/13
A V-2
13
B -2 (—i+2j+3k)
14\ ET
c dvi4
14
9
D -—=@Gi—
13 (3i—2%)
g _Vi4

2



Question 14 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Solution 0
a-b=-3-6=-9and |b|=vI+4+9=114 ThereforegE:—H.
ANS: C (75%)



Question 15 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

A constant force of magnitude P newtons accelerates a particle of mass 8kg in
a straight line from a speed of 4ms™! to a speed of 20ms~! over a distance of
15m.

The magnitude of P is

A 9.8

B 12.5

C 128

D 100

E 102.4



Question 15 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Solution
Use the formulas v? = v + 2as and F = ma. First we find the acceleration:

202 =4%4+30a=a= %4.
Then F = 8 x %4 = 102.4.
ANS: E (69%)



Question 16 THE MATHEMATICAL

. . ASSOCIATION OF VICTORIA
The diagram below shows a mass being acted on by a numb forces whose
magnitudes are labelled. All forces are measured in newtons and the system is

in equilibrium.

F, < »10

IS

The value of F, is
V2
A (8+3v3)

B 112\@



Question 16 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Solution
Consider the forces acting vertically:
1 1 11
—F=-x3+4="
\/§ 2 5 X 3+

Therefore F, = 117\@

ANS: B (64%)



Question 17 THE MATHEMATICAL
o) ASSOCIATION OF VICTORIA

A tourist standing in the basket of a hot air balloon is ascending at 2ms™*.
The tourist drops a camera over the side when the balloon is 50 m above the
ground.

Neglecting air resistance, the time in seconds, correct to the nearest tenth of a
second, taken for the camera to hit the ground is

A 23
B 24
C 3.0
D 3.2
E 3.4



Question 17 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Solution
Use the formula s = ut + %at2. Setting the positive direction as down we have

1
50 = —2t + 5 X 0.8t

and so t & 3.4 seconds.
ANS: E (48%)



Question 18 THE MATHEMATICAL
o) ASSOCIATION OF VICTORIA

A 95% confidence interval for the mean height p, in centimetres, of a random
sample of 36 Irish setter dogs is 58.42 < p < 67.31.

The standard deviation of the height of the population of Irish setter dogs, in
centimetres, correct to two decimal places, is

A 2.26
B 2.27
C 13.60
D 13.61
E 62.87



Question 18 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Solution 58.42 + 67.31
The mean X = + = 62.865. The standard deviation s is found by
solving

s
62.865 + 1.96 X —— = 67.31.
V36

We find that s is closest to 13.61.
ANS: D (62%)



Question 19 THE MATHEMATICAL
o) ASSOCIATION OF VICTORIA

The gestation period of cats is normally distributed with mean p = 66 days and
. 1
variance ¢% = —.

The probability that a sample of five cats chosen at random has an average
gestation period greater than 65 days is closest to

A 0.5000
B 0.7131
C 0.7734
D 0.8958
E 0.9532



Question 19 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Solution .
E(Y) = 66 and Var (Y) =3I= 16
Then Pr (X > 65) = 0.9532.

ANS: E (57%)



Question 20 THE MATHEMATICAL
o) ASSOCIATION OF VICTORIA

The scores on the Mathematics and Statistics tests, expressed as percentages,
in a particular year were both normally distributed. The mean and the standard
deviation of the Mathematics test scores were 71 and 10 respectively, while the
mean and the standard deviation of the Statistics test scores were 75 and 7
respectively.

Assuming the sets of test scores were independent of each other, the
probability, correct to four decimal places, that a randomly chosen
Mathematics score is higher than a randomly chosen Statistics score is

A 0.2877
B 0.3716
C 0.4070
D 0.7123
E 0.9088



Question 20 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Solution
We have that M ~ N (71,10°) and S ~ N (75,7°). Let X = M — S. Then
E(X) = E(M—S) = E(M) — E(S)
=71-75
=-4

and
Var(X) = Var(M — S) = Var(M) + Var(S)
=10 +7
= 149.

So, Pr(X > 0) = 0.3716.
ANS: B (56%)



Question 1 | THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Consider the function f : D — R, where f(x) = 2arcsin (x* — 1).

a. Determine the maximal domain D and the range of f. (2 marks)
Solution
domf =D = [—ﬁ, ﬂ] and ranf = [—m, 7).
Marks 0 1 2 Average
% 16 16 68 15
Issues:

- open endpoints
- decimal approximations
- failing to state the range


D.Lamson
Snapshot

D.Lamson
Text Box
Issues:
- open endpoints
- decimal approximations
- failing to state the range


Question 1 11 THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

b. Sketch the graph of y = f(x) on the axes below, labelling any endpoints

and the y-intercept with their coordinates. (3 marks)
Solution
y
— (\ﬁ: 77)
Issues:
- no labels as required
[ « - Precision
2 3 4 - y-intercept shown as
a turning point
(0, ) Advice: Set CAS
o\ window to match the
exam.
Marks 0 1 2 3 Average

% 6 13 32 50 23



D.Lamson
Snapshot

D.Lamson
Text Box
Issues:
- no labels as required
- precision
- y-intercept shown as a turning point

Advice: Set CAS window to match the exam.


Question 1 11l THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

A
c. Find f'(x) for x > 0, expressing your answer in the form f’'(x) = ——,
(x) pressing y: (x) o
AcR. (1 mark)
Solution
f’(x) i x>0 Marks 0 1 Average
V2= ' % 20 80 0.8

d. Write down f'(x) for x < 0, expressing your answer in the form

B
f/(X) = ﬁ, B S R. (1 mark)

S/olutlon B Marks 0 1 Average
fi(x) = ——, x<0. % 19 81 08

V2 —x2'



D.Lamson
Snapshot

D.Lamson
Snapshot


Question 1 IV THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

e. The derivative f/(x) can be expressed in the form f'(x) = &)2 over its
. . Not well done. V2= x
maximal domain. A
- endpoints included
i. Find the maximal domain of f'. - 1 mark
0 not excluded
Solution Marks | 0 1 | Average

dom ' = (~v2,0) U (0,v2) = (~v2,v2) \ {0}. % | 790 | a1 | 02

ii. Find g(x), expressing your answer as a piecewise (hybrid) function. (1 mark)

Solution
g(x) = 4 0<x<V2 Marks 0 1 | Average
4 —V2<x<0 =

51 49 0.5

Some answers were not functions.


D.Lamson
Snapshot

D.Lamson
Snapshot

D.Lamson
Text Box
Not well done.
- endpoints included
- 0 not excluded

D.Lamson
Text Box
Some answers were not functions.


Question 1V

iii. Sketch the graph of g on the axes below.

THE MATHEMATICAL
A ASSOCIATION OF VICTORIA

(2 marks)

Solution
y
J
3 4+
2 1
1 4+
: - - - - : : X
—4 -3 -2 —11 1 3 4
el Success followed from
-2 part ii.
3}
Many attempts to
O—"T graph f(x) were seen.
Marks 0 1 2 Average

%

43 18 39 1



D.Lamson
Snapshot

D.Lamson
Text Box
Success followed from part ii.

Many attempts to graph f'(x) were seen.


Question 2 | THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

a. State the centre in the form (x,y), where x,y € R, and state the radius of

the circle given by |z — (1 + 2/)| = 2, where z € C. (1 mark)
Solution
The centre is (1,2) and the radius is 2. Marks 0 1 | Average
% 30 71 0.7

Incomplete answers were seen.


D.Lamson
Snapshot

D.Lamson
Text Box
Incomplete answers were seen.


Question 2 I THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

b. By expressing the circle given by |z + 1| = v/2|z — i| in cartesian form,
show that this circle has the same centre and radius as the circle given by
|z —(1+2i)] =2 (2 marks)

Solution
Let z= x4+ iy. Then
|z+1\2:2|z—i|2:»(x+1)2+y2:2(x2+(y—1)2)
:>X2+2x+1+y2:2x2+2y2—4y+2
:>><2+y2—4y—2x+1:0
=(x-1P2-14+(—-2°-4+1=0
= (x—1>4+(—27>=4

This is a circle with centre (1,2), radius 2. wgpow that" - requires an explicit answer

Marks 0 1 2 Average

% 16 31 54 1.4



D.Lamson
Snapshot

D.Lamson
Text Box
"show that" - requires an explicit answer


Question 2 111 THE MATHEMATICAL
o) ASSOCIATION OF VICTORIA

c. Graph the circle |z + 1| = v/2|z — i| on the Argand diagram below, labelling
the intercepts with the vertical axis. (2 marks)

Solution
The circle given by |z 4 1| = v/2|z — i| has Cartesian equation
(z—1)> 4 (y — 2)® = 4. The points of intersection of the circle with the

vertical axis have coordinates (O, 2 — \/5) and (O, 2+ \/§)



Question 2 IV THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Solution - continued

Re(z)

The circle was generally
drawn correctly.

The coordinates were not
always shown.

The points are real numbers.

Marks 0 1 2 Average
1.4

% 23 19 58



D.Lamson
Snapshot

D.Lamson
Text Box
The circle was generally drawn correctly.
The coordinates were not always shown.
The points are real numbers.


Question 2 V THE MATHEMATICAL
o) ASSOCIATION OF VICTORIA

The line given by |z — 1| = |z — 3| intersects the circle given by
|z+1| = V/2|z — i| in two places.

d. Draw the line given by |z — 1| = |z — 3| on the Argand diagram in part c.
Label the points of intersection with their coordinates. (2 marks)

Solution
The line given by |z — 1| = |z — 3| has the Cartesian equation x = 2. The
coordinates of the points of intersection of the circle with the line are

(2,2+ﬁ) and (2,2—\/§).



Question 2 VI THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Solution - continued

Im(z)

The line was generally
drawn correctly.

The coordinates were not
always shown or given as
decimal approximations.

Marks 0 1 2 Average

% 27 18 55 13



D.Lamson
Snapshot

D.Lamson
Text Box
The line was generally drawn correctly.
The coordinates were not always shown or given as decimal approximations.


Question 2 VII THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

e. Find the area of the minor segment enclosed by an arc of the circle given by
|z+ 1] = V2|z — i| and part of the line given by |z — 1| = |z — 3|.

(3 marks)



Question 2 VIII THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Solution
It is helpful to consider the diagram below:




Question 2 IX THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Solution - continued )
. .27 .
The angle at the centre of the circle is 3 and so the area of the minor

segment is
1 - /2« . 2T 2T V3 A
— .27 = — — =2 ——-— | =———+V3.
2 <3 s'”(3)) (3 2) 3 V3
Marks 0 1 2 & Average
% 50 15 4 31 12

Standard formulas were more successful than
integration approaches.
Many did not start with a correct sector angle.


D.Lamson
Snapshot

D.Lamson
Text Box
Standard formulas were more successful than integration approaches.
Many did not start with a correct sector angle.


Question 3 | ( THE MATHEMATICAL
A ASSOCIATION OF VICTORIA
1 .
Part of the graph of y = 5\/ 4x2 — 1 is shown below.

y

|

—
—~
NI
o
~
e B

The curve shown is rotated about the y-axis to form a volume of revolution
that is to model a fountain, where length units are in metres.



Question 3 I THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

a. Show that the volume, V cubic metres, of water in the fountain when it is

. . 4

filled to a depth of h metres is given by V = % <§h3 + h). (2 marks)
Solution R
Since 4y? = 4x® — 1 we have x> = 4y 4+ 1. So

<
Il
3
N
>
x
o
&

h
4 Jo
T |4 3 h
=713 +y About half the students set up a
0 correct integral. Many of these
_ (ﬂh3 " h) did not explicitly show that this
T4\ 3 ’ leads to the required volume.

Marks 0 1 2 Average

% 40 27 32 0.9



D.Lamson
Snapshot

D.Lamson
Text Box
About half the students set up a correct integral. Many of these did not explicitly show that this leads to the required volume.


Question 3 Il THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

b. Find the depth h when the fountain is filled to half its volume. Give your

answer in metres, correct to two decimal places. (2 marks)
Solution
The fountain is full when h = i So solve V(h) = % (?) This gives

h = 0.59 to two decimal places.

1%]
o
S
3
.
=
=
=
=
wl»—n
<
=

E .\ £=0.590913 A variety of
2 /) approaches was seen.

Failing to halve the
volume was a common
error.

Marks 0 1 2 Average

% 28 17 56 13



D.Lamson
Snapshot

D.Lamson
Text Box
A variety of approaches was seen.

Failing to halve the volume was a common error. 


Question 3 IV THE MATHEMATICAL
o) ASSOCIATION OF VICTORIA

The fountain is initially empty. A vertical jet of water in the centre fills the
fountain at a rate of 0.04 cubic metres per second and, at the same time, water
flows out from the bottom of the fountain at a rate of 0.05h cubic metres per
second when the depth is h metres.

dh 4—5vh

c. i. Show that — = ———. 2 k
i ow that — = o @+ 1) (2 marks)

Solution a ) Y
We have that — = 0.04 — 0.05vh= — (4 —5Vh) and — = — (4h* +
e nave At 100 ( ) N an ( +1).
So
dh  dh dV
dt dv. dt "Show that..."
_ 4-5vh - an explicit solution is
100 x T (4h2 +1) required, steps must be
4—5Vh clear.

- - correct use of brackets
257 (4h2 4 1)

Marks 0 1 2 Average

% 34 30 36 1



D.Lamson
Snapshot

D.Lamson
Text Box
"Show that..."
- an explicit solution is required, steps must be clear.
- correct use of brackets


Question 3V THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

ii. Find the rate, in metres per second, correct to four decimal places, at which
the depth is increasing when the depth is 0.25 m. (1 mark)

Solution b
When h = 0.25, p = 0.0153 to four decimal places.

dhdelp):= able to use the
25 o \4 +1) supplied derivative.
dhdt(0.25) 0.015279 Some answers were

4-5- \[,,_ B Most students were
- hz

not in the required
decimal form.

Marks 0 1 Average

% 26 74 0.8



D.Lamson
Snapshot

D.Lamson
Text Box
Most students were able to use the supplied derivative.

Some answers were not in the required decimal form.


Question 3 VI THE MATHEMATICAL
o) ASSOCIATION OF VICTORIA

d. Express the time taken for the depth to reach 0.25m as a definite integral
and evaluate this integral correct to the nearest tenth of a second. (2 marks)

Solution

The time taken for the depth to reach 0.25 m is given by o )
Transcription errors in

0.25 0.25 95 (4h2 + 1) the int_egrand were
/ dh = / ——————= dh occasionally present.
0 0

dh = 4—5vh
=98 Marks 0 1 2 Average
So the time taken is 9.8s. i 34 10 56 12

e. After 25 seconds the depth has risen to 0.4 m. Using Euler's method with a
step size of five seconds, find an estimate of the depth 30 seconds after the
fountain began to fill. Give your answer in metres, correct to two decimal
places. (2 marks)

Solution


D.Lamson
Snapshot

D.Lamson
Text Box
Transcription errors in the integrand were occasionally present.


Question 3 VII ( THE MATHEMATICAL
ASSOCIATION OF VICTORIA
A
. . . dh
Using Euler's method and noting that when t = 25 the depth is 0.4 m and P

when t = 25 is equal to dh we find
dt |y o4

h(30) ~ h(25) + 5 x h’(25)  Many students did not
explicitly demonstrate use of

=0.4+5x @ Euler's method as required.
dt|, o4
= 0.43. Marks 0 1 2 Average
% 64 10 25 0.6

So the depth of the water in the fountain 30 seconds after it begins to fill is
approximately 0.43 m.

f. How far from the top of the fountain does the water level ultimately

stabilise? Give your answer in metres, correct to two decimal places. (2
marks)

Solution

dh 16 . 3 16

i 0 when h : > So the water stabilises at g ~ 5 = 0.23 m below the

top of the fountain. Marks 0 i 2 Average

Most set h' = 0. Many did not
subtract from the height. % 61 15 24 07



D.Lamson
Snapshot

D.Lamson
Snapshot

D.Lamson
Text Box
Many students did not explicitly demonstrate use of Euler's method as required. 

D.Lamson
Text Box
Most set h' = 0. Many did not subtract from the height. 


Question 4 | THE MATHEMATICAL
o) ASSOCIATION OF VICTORIA

Two yachts, A and B, are competing in a race and their position vectors on a
certain section of the race after time t hours are given by

ra(t) = (t+1)i+ (t2+2t)iand s =ti+ (t2+3)i, t>0

where displacement components are measured in kilometres from a given
reference buoy at origin O.

a. Find the cartesian equation of the path for each yacht. (2 marks)

Solution
Consider yacht A: x =t+ 1=t = x — 1 and since y = t? + 2t the Cartesian
equation of the path of yacht A is

y=(x—1>+2(x—1)
=x*—2x+1+4+2x—2

=x*-1.

For yacht B, note that x = t2 and y = t?> 4+ 3 so the Cartesian equation of the
path of yacht Bis y = x + 3. Marks | 0 1 2 | Average

% 11 8 81 17
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Question 4 1l THE MATHEMATICAL
o) ASSOCIATION OF VICTORIA

b. Show that the two yachts will not collide if they follow these paths.

(2 marks)

Solution 3
The two yachts have the same y-coordinate when t* + 2t = > + 3 = t = 5

Si 3 5.+21. d 3 9._|_21.th t hts d t
Ince ra | < = —I —jJjanarg | < = —1 — € twO yacnts do no
) Tt gdAndE ) T T g y
collide.
B *sm2_2019_qd < rao {11 B3
solve(t2 +21=t2 +3,r) r=i
2
(_) {3 2
solve(12+2- 1=z2+3,1) =] 2 2 4
2 (3) {9 21
b= - =
2 4 4
= !
) Marks 0 1 2 Average
A variety of correct approaches were seen. % 1 o 7 16
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A variety of correct approaches were seen. 


Question 4 111

THE MATHEMATICAL
A ASSOCIATION OF VICTORIA

c. Find the coordinates of the point where the paths of the two yachts cross.

Give your coordinates correct to three decimal places.

Solution

(2 marks)

The paths of the yachts cross when x?> — 1 = x + 3. The coordinates of the

point where the paths cross are (2.562,5.562).

*sm2_2019_g4—  Rao {11 A

solve(x2 - 1=x+3,x)

x=-1.56155 orx=2.56155

[«

Many otherwise correct
responses were not
expressed in the required
form.

Marks

1 2 Average

%

25

41 34 11
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Many otherwise correct responses were not expressed in the required form.


Question 4 IV THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

One of the rules for the race is that the yachts are not allowed to be within
0.2 km of each other. If this occurs there is a time penalty for the yacht that is
travelling faster.

d. For what values of t is yacht A travelling faster than yacht B? (2 marks)

Solution
Using CAS we find that |f,| = V4t2 + 8t + 5 and [fg| = V8t2. So |fa| > |ig|
when 0 <t < 3.

1.1 13 *sm2_2019_q4 < rao {719
norm(di (,-a(,))) Ja 210

t
norm(i(rb(t))) z \/2_ M

solve( 46248 145 >2: Jz_-\r\,r) Lol
2 2

Common errors: Marks 0 1 2 Average
- comparing magnitudes of position vectors %
- using velocities instead of speeds

43 32 25 0.8
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Common errors:
- comparing magnitudes of position vectors
- using velocities instead of speeds


Question 4 V THE MATHEMATICAL
o) ASSOCIATION OF VICTORIA

e. If yacht A does not alter its course, for what period of time will yacht A be
within 0.2 km of yacht B? Give your answer in minutes, correct to one
decimal place. (2 marks)

Solution

To determine the time when the two yachts are within 0.2 km of each other we
must solve [rg(t) — ra(t)] < 0.2

It is found that 1.563 < t < 1.60 (two decimal places). So the time in minutes

is 4.1 min.
*sm2_2019_qd < *sm2_2019_qd = rao {1 B9
mm(i(,.b(,))) 221 solve(\ 46248 14552 2 - M,r) e
dt 2 2
solve( ’4. 248 145 2+ |2 - M;f) __1<r<§ solve(nonn(r'a(t)—rb(t))<0.2,t)

22 1.52883<r<1.59734

solve(norm (ra()-75())<0.2,) 60- (1.5973364335244-1.5288305524716)
1.52883<<1.59734 411035

A serious (but common) misconception: Marks 0 1 2 Average

- using a difference of magnitudes o 0.8
Correct units: minutes were required. ° 54 18 28 :
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D.Lamson
Text Box
A serious (but common) misconception:
- using a difference of magnitudes
Correct units: minutes were required.


Question 5 | THE MATHEMATICAL
o) ASSOCIATION OF VICTORIA

Luggage at an airport is delivered to its owners via a 15m ramp that is inclined
at 30° to the horizontal. A 20 kg suitcase, initially at rest at the top of the
ramp, slides down the ramp against a resistance of v newtons per kilogram,
where vms™! is the speed of the suitcase.

a. On the diagram below, show all forces acting on the suitcase during its
motion down the ramp. (1 mark)

Solution

N Labels were not required here
but if given they should be
correct (or general).

20v

The resistance force was
frequently labelled 'v'. (this
was often corrected in part b.)

20g sin 30° 20g

Marks 0 1 Average

% 56 44 0.5
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Labels were not required here but if given they should be correct (or general).

The resistance force was frequently labelled 'v'.  (this was often corrected in part b.)
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Question 5 I THE MATHEMATICAL
o) ASSOCIATION OF VICTORIA

b. i. By resolving forces parallel to the ramp, write down an equation of motion for

the 20 kg suitcase. (1 mark)
Solution Equation of motion, not just net force.
Considering the forces acting parallel to the plane only, with F = ma we have

20a = 20gsin30° — 20v [ yarks 0 1 Average
= 20a = 10g — 20v. % . 5o 0.6
ii. Hence, show that the magnitude of the acceleration, ams?, of the suitcase

down the ramp is given by a = g; v (1 mark)

Solution

Solve the equation from b. i. for a to find

1
a= %(10g —20v)
Marks 0 1 Average

g—2v
2 % 34 66 0.7
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Equation of motion, not just net force.


Question 5 I

THE MATHEMATICAL
A ASSOCIATION OF VICTORIA

c. By expressing a in an appropriate form, find the distance x metres that the
suitcase has slid as a function of v. Give your answer in the form

x = bv + clog, (cfcv> where b, c € R.

Solution
Use the acceleration equivalent v— So
dv _ &~ 2v
2
= / dv = / dx
and so

X:/mdv
g —2v

(i) »

—v— floge( —2v)+c

(2 marks)

Most students set up a
DE using the appropriate
form of acceleration.


D.Lamson
Text Box
Most students set up a DE using the appropriate form of acceleration.


Question 5 IV THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

Solution - continued
Since x(0) = 0 we have

Oz—glogeg—&—c

éc:%logeg

So

xX=—-v—-2= Ioge(g 2v)+ 2 Ioge

:—v—i—%loge ( g2 )
g v Many students who solved

¢ the DE successfully did
= —v+ =2 |og . L7
e not give the solution in the
: required form.

—V
=—v+49log, (493\/).

Marks 0 1 2 Average

% 28 49 23 1
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Many students who solved the DE successfully did not give the solution in the required form.


THE MATHEMATICAL
ASSOCIATION OF VICTORIA

Question 5 V

d. Find the velocity of the suitcase just before it reaches the end of the ramp.
Give your answer in ms™', correct to two decimal places. (1 mark)

Solution
Use CAS to find that when x = 15, v = 4.81.

4.9 Done
x(v):=-v+4.9- ln( )
4.9-v
A so]ve(x(v)=15,v)
v=-23.6329 or v=4.81409
Difficulties with 5c¢. led to
problems here.
=
Marks 0 1 Average
0.3

% 74 26
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Difficulties with 5c. led to problems here.


Question 5 VI THE MATHEMATICAL

ASSOCIATION OF VICTORIA
e. i. Write down a definite integral that gives the time taken for Suitcase to
reach a speed of 4.5ms~1. (1 mark)
. Incorrect integrands - typically the
Solutlgtn reciprocal of the correct one.
Since — = ————, a definite integral that gives the time taken for the suitcase to
dv g—2v
h f 4. -1
reach a speed of 4.5ms™" is s Marks o 1 Average
dv.
/0 g—2v % 59 4 0.4
ii. Find the time taken for the suitcase to reach a speed of 4.5ms~1. Give your
answer in seconds, correct to two decimal places. (1 mark)

Solution
The time in seconds taken for the suitcase to reach a speed of 4.5ms~! is 2.51.

*sm2_2019_q5 < rao 4|9

so]ve(x(v)=15,v)
v=-23.6329 or v=4.81409

45 2.50553 Correct responses in part

2 e.i. followed through to e.ii.
9.8-2-v

Marks 0 1 Average

[«

% 59 41 0.4
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D.Lamson
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Incorrect integrands - typically the reciprocal of the correct one.

D.Lamson
Text Box
Correct responses in part e.i. followed through to e.ii.


Question 6 | THE MATHEMATICAL
o) ASSOCIATION OF VICTORIA

The heights of mature water buffaloes in northern Australia are known to be
normally distributed with a standard deviation of 15cm. It is claimed that the
mean height of the water buffaloes is 150 cm.

To decide whether the claim about the mean height is true, rangers selected a
random sample of 50 mature water buffaloes. The mean height of this sample
was found to be 145cm.

A one-tailed statistical test is to be carried out to see if the sample mean height
of 145 cm differs significantly from the claimed population mean of 150 cm.

Let X denote the mean height of a random sample of 50 mature water

buffaloes.

a. State suitable hypotheses Hy and H; for the statistical test. (1 mark)
- Well done.

Sol.utlon Common errors included poor

Ho : =150 notation or not showing a

Hi @ p < 150 one-tailed test.

Marks 0 1 Average

% 30 70 0.7
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Well done.
Common errors included poor notation or not showing a one-tailed test.


Question 6 1l THE MATHEMATICAL
&) ASSOCIATION OF VICTORIA

b. Find the standard deviation of X. (1 mark)
Solution
Since Var (Y) = 1—52 _2 the standard deviation sd (Y) -3
50 2 T2
Marks 0 1 Average
% 16 84 0.9

Well done.

A variety of correct forms were
accepted.
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Text Box
Well done.

A variety of correct forms were accepted.


Question 6 11

THE MATHEMATICAL
A ASSOCIATION OF VICTORIA

c. Write down an expression for the p-value of the statistical test and evaluate
your answer correct to four decimal places. (2 marks)

Solution
The p-value is

Pr(X<145|M—150)—Pr(Z<145_150>

V2
= 0.0092.
( 145-150 ) 0.009211 N
normCdf] -m,f,o,l

= Most students correctly found
p. Some did not give the
required 4 decimal places.
Calculator syntax sometimes
replaced correct working.

Marks 0 1 2 Average

% 22 18 60 14
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Most students correctly found p. Some did not give the required 4 decimal places. Calculator syntax sometimes replaced correct working.


Question 6 IV

&

THE MATHEMATICAL
ASSOCIATION OF VICTORIA

d. State with a reason whether Hy should be rejected at the 5% level of

significance.

Solution

(1 mark)

As the p-value is 0.0092 < 0.05, there is strong evidence against the null

hypothesis Hp at the 5% level of significance.

Hop should be rejected in favor of the alternative hypothesis.

Marks

0

1

Average

%

24

76

0.8

A reason is required.

Some transcription errors in
otherwise correct answers.
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Text Box
A reason is required.

Some transcription errors in otherwise correct answers.


Question 6 V THE MATHEMATICAL
ASSOCIATION OF VICTORIA

e. What is the smallest value of the sample mean height that id be
observed for Hy to be not rejected? Give your answer in centimetres, correct
to two decimal places. (1 mark)

Solution
For Hyp not to be rejected (at the 5% level of significance) we require that

Pr (z < C3150> —0.05

V2

c—150
3

= —1.64485

c-150
S -invNom(0.05,0,1)¢ 146.52 was also accepted.

c=146.511 Marks 0 1 Average

% 52 48 05
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146.52 was also accepted.


Question 6 VI THE MATHEMATICAL
o) ASSOCIATION OF VICTORIA

f. If the true mean height of all mature water buffaloes in northern Australia is
in fact 145 cm, what is the probability that Ho will be accepted at the 5%
level of significance? Give your answer correct to two decimal places.

(1 mark)



Question 6 VII THE MATHEMATICAL
o) ASSOCIATION OF VICTORIA

Solution
If Ho is accepted at the 5% level of significance then the smallest value that the
sample mean be is 146.51 cm. So we find

146.51 — 14
Pr(X > 14651 |1 = 145) = Pr <z . 655)
V2
= 0.24.
JEN sm2_2019_q6 < ra 41 E9)
¢=146.511
146.51073854119-145
norm Cdf]| *,m.oxl
A )
0.23818
Mostly left blank.
Marks 0 1 Average

% 89 11 0.1
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Question 6 VIII

THE MATHEMATICAL

A ASSOCIATION OF VICTORIA

g. Using the observed sample mean of 145cm, find a 99% confidence
interval for the mean height of all mature water buffaloes in northern
Australia. Express the values in your confidence interval in centimetres,

correct to one decimal place.

Solution

(1 mark)

A 99% confidence interval for the mean height of all mature water buffaloes in
northern Australia (to one decimal place) is (139.5,150.5). This is found easily

using CAS:

*sm2_2019_q6 <~

zlnterval 15,145,50,0.99: stat.results
"Title"

ran 471 B3

"z Interval"

"CLower"
"CUpper"

"ME"

139.536
150.464
145.
5.46416
50.
15.

Marks

1 Average

Many students used a 95% confidence interval. %

48

52 0.5
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Many students used a 95% confidence interval.
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