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Three dimensions to developing Numeracy in all children 

Students	
   who	
   experience	
   difficul3es	
   in	
   mathema3cs	
   require	
   assistance	
   to	
  

overcome	
  misconcep3ons	
  or	
   inappropriate	
  ways	
  of	
  thinking	
  they	
  have	
  developed	
  

through	
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•	
  Diagnosis	
  to	
  determine	
  underlying	
  causes	
  of	
  difficul3es	
  

•	
  Led	
  to	
  see	
  inadequacies	
  in	
  ways	
  of	
  ac3ng	
  and	
  thinking	
  so	
  as	
  to	
  appreciate	
  a	
  need	
  

to	
  change  
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•	
   Self	
   confidence	
   to	
   acquire	
   and	
   use	
   mathema3cs	
   as	
   they	
   develop	
   conceptual	
  

understanding	
  and	
  fluent	
  processes	
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Children	
  should	
  have	
  a	
  robust	
  sense	
  of	
  number:	
  	
  	
  
•  an	
  understanding	
  of	
  place	
  value	
  
•  meaning	
  for	
  the	
  basic	
  opera7ons	
  
•  computa7onal	
  facility	
  
•  knowledge	
  of	
  how	
  to	
  apply	
  this	
  to	
  problem	
  solving	
  
	
  
A	
  thorough	
  understanding	
  of	
  frac7ons	
  includes	
  	
  
•  being	
  able	
  to	
  locate	
  them	
  on	
  a	
  number	
  line	
  
•  represent	
  and	
  compare	
  frac7ons,	
  decimals	
  and	
  per	
  cents	
  
•  es7mate	
   their	
   size	
   and	
   carry	
   out	
   opera7ons	
   confidently	
   and	
  

efficiently.	
   
Final Report of the National Mathematics Advisory Board, 2008 pp 17 & 18 
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Assessment	
  is	
  integral	
  to	
  teaching	
  and	
  learning	
  

Well-­‐focused	
  assessment	
  	
  

•  reveals	
  how	
  students	
  think	
  	
  

•  provides	
  guidance	
  to	
  plan	
  ongoing	
  teaching	
  

•  furnishes	
   informa7on	
   about	
   how	
   students	
   are	
   dealing	
   with	
   the	
  
mathema7cal	
  tasks	
  they	
  are	
  exposed	
  to	
  	
  

•  provides	
  feedback	
  on	
  par7cular	
  programs	
  or	
  learning	
  ac7vi7es:	
  	
  

Are	
  they	
  suited	
  to	
  the	
  students	
  and	
  content	
  in	
  ques3on?	
  	
  
	
  
Do	
  they	
  need	
  to	
  be	
  modified	
  to	
  produce	
  the	
  expected	
  learning?	
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At	
  the	
  same	
  7me,	
  assessment	
  
•  provides	
   informa7on	
   to	
   the	
   student,	
   teachers	
   and	
   others	
   about	
  

the	
  student’s	
  mathema7cal	
  capabili7es	
  and	
  poten7al	
  
•  highlights	
  different	
  outcomes	
  across	
  different	
  groups	
  of	
  students,	
  

across	
  different	
  classes	
  and	
  schools	
  	
  

While	
   it	
   is	
   important	
   to	
   know	
  what	
   students	
   know,	
   of	
   even	
  more	
  
importance	
  is	
  the	
  way	
  they	
  know:	
  	
  
•  is	
  their	
  knowledge	
  simply	
  memorised	
  rou7nes	
  

or	
  
•  is	
   there	
  deep	
  understanding	
  based	
  on	
  well-­‐understood	
  concepts	
  

and	
  fluent,	
  meaningful	
  processes	
  applied	
  in	
  appropriate	
  ways?	
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A	
  need	
  for	
  Diagnos7c	
  assessment	
  to	
  	
  
•  reveal	
  not	
  only	
  what	
  a	
  student	
  knows	
  but	
  also	
  how	
  they	
  know	
  
•  not	
  what	
  they	
  do	
  not	
  know	
  but	
  reveal	
  what	
  they	
  need	
  to	
  know	
  
•  reveal	
  gaps	
  in	
  a	
  student’s	
  mathema7cal	
  knowledge	
  
	
  
Cri7cal	
  ideas	
  	
  
•  may	
  not	
  have	
  become	
  part	
  of	
  a	
  student’s	
  way	
  of	
  thinking	
  	
  
•  may	
  not	
  have	
  been	
  included	
  in	
  the	
  steps	
  used	
  to	
  build	
  up	
  a	
  topic	
  	
  

For	
   example,	
   the	
   renaming	
   needed	
   for	
   computa3on	
   and	
   other	
  
number	
  processes	
  may	
  not	
  be	
  developed	
  as	
  an	
  extension	
  of	
  place	
  
value	
  or	
  to	
  provide	
  a	
  complete	
  understanding	
  of	
  larger	
  numbers	
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 what needs to be known 
 
Informs program order, activities, investigations 
  
 others teachers, schools, parents and caregivers 
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 what is known   
 student    gaps 
 what needs to be known 
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 others teachers, schools, parents and caregivers 
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 how it is known - understanding vs rote 
 what is known   
 student    gaps 
 what needs to be known 
 
Informs program order, activities, investigations 
  
 others teachers, schools, parents and caregivers 
 

 • related to a mathematical framework  
conceptual not procedural 

 Diagnostic tasks  + 
 • insights into children’s approaches 

inappropriate generalisations 
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Difficulties with place value, renaming & zero 
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 Confusion with addition process	
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When	
  misconcep7ons,	
  difficul7es	
  and	
  gaps	
  in	
  a	
  student’s	
  knowledge	
  
have	
   been	
   iden7fied,	
   means	
   to	
   intervene	
   in	
   the	
   learning	
   can	
   be	
  
planned	
   and	
   implemented	
   in	
   a	
   manner	
   appropriate	
   to	
   both	
   the	
  
learner	
   and	
   the	
   way	
   in	
   which	
   concepts	
   and	
   processes	
   are	
   best	
  
established	
  and	
  consolidated	
  	
  
	
  
Simply	
   showing	
   a	
   student	
   what	
   to	
   do	
   using	
   a	
   wriHen	
   procedure	
   is	
  
rarely	
  successful	
  in	
  replacing	
  procedures	
  that	
  have	
  led	
  to	
  errors.	
  	
  
	
  
At	
  best	
  they	
  will	
  try	
  to	
  copy	
  and	
  remember	
  a	
  teacher’s	
  approach	
  but	
  
the	
   link	
   to	
   what	
   they	
   do	
   know	
   may	
   not	
   be	
   apparent	
   in	
   the	
   purely	
  
recorded	
  form	
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Construct	
  new	
  ways	
  of	
  thinking	
  	
  
•  use	
   materials	
   to	
   draw	
   out	
   the	
   paIerns	
   on	
   which	
   ideas	
   are	
  

developed	
  
•  link	
  to	
  a	
  language	
  that	
  provides	
  meaning	
  
•  move	
   to	
   symbolic	
   expressions	
   that	
   express	
   what	
   is	
   happening	
  

succinctly	
  only	
  when	
  a	
   learner	
  has	
  adopted	
  the	
  way	
  of	
   thinking	
  as	
  
his	
  or	
  her	
  own	
  

Engaging	
   prac3ce	
   ac3vi3es,	
   oKen	
   in	
   the	
   form	
   of	
   games	
   in	
   which	
  
learners	
   willingly	
   par3cipate,	
   are	
   an	
   essen3al	
   part	
   of	
   learning	
   to	
  
bring	
   a	
   concept	
   to	
   the	
   forefront	
   of	
   a	
   learner’s	
  mind	
   and	
   enable	
   a	
  
process	
  to	
  become	
  fluent	
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1.  iden7fy	
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  and	
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  describe	
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  them	
  in	
  terms	
  of	
  
underlying	
  mathema7cal	
  concepts	
  and	
  processes	
  

Process of Intervention 



1.  iden7fy	
  understandings	
  and	
  errors	
  and	
  describe	
  of	
  them	
  in	
  terms	
  of	
  
underlying	
  mathema7cal	
  concepts	
  and	
  processes	
  

2.  uncover	
  sources	
  of	
  difficul7es	
  –	
  inappropriate	
  thinking	
  and	
  the	
  
degree	
  of	
  understanding	
  of	
  why	
  processes	
  and	
  responses	
  are	
  
correct	
  

Process of Intervention 



1.  iden7fy	
  understandings	
  and	
  errors	
  and	
  describe	
  of	
  them	
  in	
  terms	
  of	
  
underlying	
  mathema7cal	
  concepts	
  and	
  processes	
  

2.  uncover	
  sources	
  of	
  difficul7es	
  –	
  inappropriate	
  thinking	
  and	
  the	
  
degree	
  of	
  understanding	
  of	
  why	
  processes	
  and	
  responses	
  are	
  
correct	
  

3.  reveal	
  inadequacies	
  in	
  thinking	
  to	
  a	
  learner	
  in	
  order	
  to	
  build	
  an	
  
apprecia7on	
  of	
  a	
  need	
  for	
  change	
  	
  

Process of Intervention 



1.  iden7fy	
  understandings	
  and	
  errors	
  and	
  describe	
  of	
  them	
  in	
  terms	
  of	
  
underlying	
  mathema7cal	
  concepts	
  and	
  processes	
  

2.  uncover	
  sources	
  of	
  difficul7es	
  –	
  inappropriate	
  thinking	
  and	
  the	
  
degree	
  of	
  understanding	
  of	
  why	
  processes	
  and	
  responses	
  are	
  
correct	
  

3.  reveal	
  inadequacies	
  in	
  thinking	
  to	
  a	
  learner	
  in	
  order	
  to	
  build	
  an	
  
apprecia7on	
  of	
  a	
  need	
  for	
  change	
  	
  

4.  implement	
  means	
  of	
  construc7ng	
  or	
  re-­‐construc7ng	
  appropriate	
  
ways	
  of	
  thinking	
  

Process of Intervention 



1.  iden7fy	
  understandings	
  and	
  errors	
  and	
  describe	
  of	
  them	
  in	
  terms	
  of	
  
underlying	
  mathema7cal	
  concepts	
  and	
  processes	
  

2.  uncover	
  sources	
  of	
  difficul7es	
  –	
  inappropriate	
  thinking	
  and	
  the	
  
degree	
  of	
  understanding	
  of	
  why	
  processes	
  and	
  responses	
  are	
  
correct	
  

3.  reveal	
  inadequacies	
  in	
  thinking	
  to	
  a	
  learner	
  in	
  order	
  to	
  build	
  an	
  
apprecia7on	
  of	
  a	
  need	
  for	
  change	
  	
  

4.  implement	
  means	
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  construc7ng	
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  re-­‐construc7ng	
  appropriate	
  
ways	
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5.  provide	
  prac7ce	
  that	
  is	
  focused	
  and	
  mo7va7ng	
  to	
  allow	
  a	
  way	
  of	
  
thinking	
  to	
  become	
  secure	
  and	
  provide	
  a	
  basis	
  to	
  	
  
•	
  	
  generalise	
  to	
  more	
  complex	
  problems	
  and	
  applica7ons	
  
•	
  	
  the	
  development	
  of	
  further	
  mathema7cs	
  	
  

Process of Intervention 



Numeracy Tests 

	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
Extended	
  background	
  
6	
  numeracy	
  class	
  screening	
  tests	
  
Spread	
  sheet	
  for	
  scoring	
  and	
  iden7fying	
  needs	
   



Numeracy Tests 

"   Numera0on	
  Tests	
  A	
  &	
  B	
  
"   Addi0on	
  Tests	
  A	
  &	
  B	
  
"   Subtrac0on	
  Tests	
  A	
  &	
  B	
  

"   Mul0plica0on	
  Tests	
  A	
  &	
  B	
  
"   Division	
  Tests	
  A	
  &	
  B	
  
"   Frac0ons	
  Test	
  A	
  &	
  B 

Six	
  different	
  areas	
  –	
  2	
  tests	
  for	
  each	
  area 



Assessing Fractions 
8 



Students	
  were	
  observed	
  to	
  have	
  difficul7es	
  solving	
  problems	
  requiring	
  
subtrac7on	
  with	
  decimal	
  frac7ons:  
 
At	
  the	
  cycling	
  compe77on,	
  the	
  7mes	
  for	
  the	
  200m	
  sprint	
  were	
  129.31,	
  
131.15,	
  130.46,	
  132.0,	
  129.4,	
  133.1,	
  129.18	
  and	
  131.5	
  seconds.	
  	
  
What	
  was	
  the	
  difference	
  in	
  7me	
  between	
  the	
  cyclist	
  who	
  came	
  last	
  
and	
  the	
  cyclist	
  who	
  won	
  the	
  race?	
  	
  
	
  
	
  
	
  

Case study 1 



At	
  the	
  cycling	
  compe77on,	
  the	
  7mes	
  for	
  the	
  200m	
  sprint	
  were	
  129.31,	
  
131.15,	
  130.46,	
  132.0,	
  129.4,	
  133.1,	
  129.18	
  and	
  131.5	
  seconds.	
  	
  
What	
  was	
  the	
  difference	
  in	
  7me	
  between	
  the	
  cyclist	
  who	
  came	
  last	
  
and	
  the	
  cyclist	
  who	
  won	
  the	
  race?	
  	
  
	
  
As	
  well	
  as	
  subtrac7on	
  to	
  find	
  the	
  difference	
  in	
  7me,	
  this	
  problem	
  
requires	
  students	
  to	
  first	
  iden7fy	
  the	
  7me	
  taken	
  by	
  the	
  winning	
  cyclist	
  
and	
  the	
  7me	
  taken	
  by	
  the	
  cyclist	
  who	
  came	
  last.	
  	
  
	
  

Case study 1 



Students	
  may	
  be	
  able	
  to	
  complete	
  correctly	
  the	
  subtrac7on	
  they	
  set	
  out	
  
to	
  solve,	
  but	
  oXen	
  are	
  unable	
  to	
  determine	
  which	
  numbers	
  to	
  use	
  	
  
	
  	
  
A	
  common	
  error	
  is	
  to	
  see	
  129.4	
  seconds	
  as	
  the	
  fastest	
  7me	
  since	
  4	
  is	
  
less	
  than	
  19. 
 
 

 
 

  

Case study 1 



Others	
  are	
  unable	
  to	
  interpret	
  the	
  problem	
  and	
  choose	
  the	
  first	
  and	
  last	
  
7mes	
  listed	
  in	
  the	
  problem:	
  	
  
 
 
 
 
 

 Some	
  reverse	
  the	
  order	
  of	
  subtrac7on	
  yet	
  s7ll	
  obtain	
  an	
  “answer”:	
  	
  
 

Case study 1 



Even	
  when	
  calcula7ons	
  are	
  completed	
  correctly,	
  this	
  does	
  not	
  
indicate	
  an	
  understanding	
  of	
  decimal	
  frac7on	
  computa7on,	
  nor	
  
does	
  it	
  reveal	
  where	
  misunderstandings	
  are	
  sourced	
  
	
  

The	
  cause	
  of	
  their	
  problem	
  solving	
  difficul7es	
  lies	
  in	
  an	
  inability	
  to	
  order	
  
decimal	
  frac7ons,	
  in	
  turn	
  revealing	
  that	
  a	
  lack	
  of	
  decimal	
  place	
  value	
  
needs	
  to	
  be	
  addressed 
 
 
 
 
 

 

Case study 1 



This	
  same	
  student	
  then	
  	
  con7nued: 
 
 
 
 

 

Case study 1 



In	
   order	
   to	
   provide	
   interven7on	
   on	
   the	
   underlying	
   difficul7es	
   the	
  
diagnosis	
  has	
  revealed,	
  the	
  frac7on	
  concept	
  and	
  place	
  value	
  for	
  decimal	
  
frac7ons	
  need	
  to	
  be	
  built	
  up	
  
	
  

This	
  requires	
  teaching	
  to	
  
•  revisit	
  the	
  model	
  for	
  frac7ons	
  using	
  rectangles	
  to	
  link	
  model	
  and	
  
names	
  based	
  on	
  ordinal	
  numbers	
  

•  use	
  a	
  square	
  with	
  the	
  beginning	
  lines	
  and	
  have	
  the	
  student	
  
connect	
  the	
  lines	
  to	
  see	
  there	
  are	
  10	
  equal	
  parts	
  –	
  tenths	
  

  
 
 
 
 

 
10 equal parts - tenths 	
  

Case study 1 

                                                                                                     

 



•  name	
  frac7ons	
  with	
  ones	
  and	
  tenths	
  

	
  
2 ones and 4 tenths – 2 and 4 tenths 

 

•  name	
  frac7ons	
  with	
  ones	
  and	
  hundredths	
  
 
 
 

 
 
 
 

2 ones and 45 hundredths – 2 and 45 hundredths   
  

  
 
 
 

 
 

  

Case study 1 

                                                                                                                                             

                                                                                                                                             



•  rename	
  hundredths	
  as	
  tenths	
  and	
  hundredths	
  

  
 
 

1 tenth is 10 hundredths 
 

45 hundredths is 4 tenths 5 hundredths   
 

•  name	
  frac7ons	
  with	
  ones	
  tenths	
  and	
  hundredths	
  

 ones  |  tenths  |  hundredths 
 2.  |  4  |  5   2.45 

	
  
  

Case study 1 

                                                                                                     

                                                                                                                                             



•  compare	
  frac7ons	
  with	
  ones	
  tenths	
  and	
  hundredths	
    

 

 ones  |  tenths  |  hundredths 

 2.  |  4  |  5   2.45 

 
 
 
 

 ones  |  tenths  |  hundredths 
 2.  |  6  |  0   2.6 

 

• 	
  elicit	
  that	
  2.6	
  is	
  greater	
  than	
  2.45	
  because	
  it	
  has	
  more	
  tenths	
  
 

• 	
  compare	
  frac7ons	
  using	
  symbols	
  only,	
  drawing	
  on	
  place	
  value	
  
	
  

Case study 1 

                                                                                                                                             

                                                                                                                                             



Students	
  oXen	
  have	
  difficul7es	
  placing	
  frac7ons	
  on	
  a	
  number	
  line	
  	
  
•  an	
  inability	
  to	
  see	
  frac7ons	
  as	
  numbers	
  among	
  the	
  whole	
  
numbers	
  	
  

•  oXen	
  viewed	
  as	
  two	
  numbers	
  arranged	
  according	
  to	
  ‘decimal’	
  or	
  
‘frac7on’	
  rules	
  

•  a	
  way	
  of	
  using	
  whole	
  numbers	
  rather	
  than	
  extending	
  their	
  
understanding	
  of	
  numbers  

 

 
 
 

 
 

	
  

Case study 2 



•  Some	
  would	
  interpret	
  the	
  number	
  line	
  simply	
  as	
  a	
  line	
  and	
  place	
  
some	
  frac7ons	
  where	
  they	
  believed	
  they	
  should	
  be	
  on	
  the	
  whole	
  
length	
  and	
  then	
  place	
  the	
  others	
  among	
  them	
  

	
  
•  Others	
  could	
  only	
  place	
  decimal	
  frac7ons	
  

•  Frac7ons	
  were	
  oXen	
  clustered	
  around	
  the	
  whole	
  numbers	
  0,	
  1,	
  
and	
  2	
  

 
 

 

Case study 2 



•  When	
  the	
  line	
  was	
  divided	
  to	
  show	
  parts,	
  some	
  frac7ons	
  were	
  
placed	
  correctly	
  then	
  others	
  were	
  simply	
  put	
  among	
  them	
  

	
  
 
 
 
 

 

Case study 2 



Difficul7es	
  with	
  number	
  lines	
  oXen	
  stem	
  from	
  their	
  use	
  in	
  the	
  early	
  
years	
  to	
  count	
  on	
  and	
  back	
  	
  

•  this	
  use	
  focuses	
  on	
  the	
  answers,	
  using	
  the	
  points	
  on	
  the	
  number	
  line	
  
to	
  count	
  1,	
  2,	
  3…	
  

•  emphasis	
  on	
  points	
  on	
  the	
  line	
  rather	
  than	
  the	
  distances	
  between	
  
numbers	
  leads	
  to	
  difficul7es	
  with	
  using	
  a	
  ruler	
  to	
  measure	
  length	
  as	
  
well	
  as	
  placing	
  frac7ons	
  along	
  the	
  number	
  line	
  

•  impediments	
  to	
  the	
  extension	
  of	
  the	
  number	
  line	
  to	
  provide	
  meaning	
  
for	
  nega7ve	
  as	
  well	
  as	
  posi7ve	
  numbers	
  	
  
	
  

Case study 2 



Interven-on	
  	
  
•  A	
  first	
  approach	
  to	
  overcoming	
  the	
  underlying	
  difficul7es	
  is	
  to	
  avoid	
  

premature	
  uses	
  of	
  a	
  number	
  line	
  in	
  the	
  first	
  years	
  of	
  school	
  
	
  

•  Leaving	
  number	
  lines	
  for	
  frac7on	
  ideas	
  and	
  real	
  numbers	
  also	
  
provides	
  a	
  basis	
  for	
  understanding	
  scale	
  and	
  other	
  no7ons	
  of	
  
propor7onal	
  reasoning	
  

•  Build	
  the	
  frac7on	
  concept	
  from	
  the	
  use	
  of	
  region	
  models	
  to	
  show	
  
proper	
  frac7ons	
  and	
  mixed	
  numbers	
  (whether	
  decimal	
  or	
  common	
  
frac7ons)	
  	
  

	
  

•  Gradually	
  introduce	
  representa7ons	
  on	
  a	
  number	
  line	
  
	
  

  build 

Case study 2 



•  Use	
  rectangular	
  models	
  to	
  establish	
  the	
  frac7on	
  concept	
  as	
  the	
  
number	
  of	
  parts	
  out	
  of	
  the	
  total	
  number	
  of	
  equal	
  parts	
  

	
  
•  Introduce	
  meaning	
  for	
  decimal	
  frac7ons	
  as	
  in	
  Case	
  Study	
  1	
  

2 and 4 tenths –	
  2.4	
  

•  Place	
  decimal	
  frac7ons	
  onto	
  a	
  number	
  line	
  with	
  10	
  divisions	
  
between	
  whole	
  numbers	
  	
  

	
  

  build 

Case study 2 

                                                                                                                                             



•  Use	
  rectangular	
  models	
  to	
  introduce	
  improper	
  frac7ons	
  and	
  name	
  
them	
  as	
  mixed	
  numbers	
  

	
  
	
  
•  Place	
  different	
  common	
  frac7ons	
  on	
  a	
  number	
  line	
  by	
  drawing	
  

divisions	
  to	
  show	
  the	
  number	
  of	
  parts	
  in	
  each	
  one	
  

	
  

  build 

Case study 2 



•  Show	
  how	
  all	
  frac7on	
  forms	
  can	
  be	
  represented	
  on	
  a	
  number	
  line	
  

	
  
•  Have	
  children	
  determine	
  the	
  rela7ve	
  posi7ons	
  of	
  the	
  various	
  
frac7on	
  forms	
  on	
  a	
  number	
  line	
  

	
  

  build 

Case study 2 



Building	
  numeracy	
  in	
  all	
  students	
  is	
  a	
  cri7cal	
  aspect	
  of	
  contemporary	
  
schooling.	
   Understanding	
   how	
   concepts	
   and	
   processes	
   are	
  
constructed	
   and	
   connected	
   provides	
   a	
   basis	
   for	
   overcoming	
  
misconcep7ons	
   and	
   inappropriate	
  ways	
   of	
   thinking	
   that	
  may	
   have	
  
developed	
  (Hiebert	
  &	
  Grouws,	
  2007,	
  p.391).	
  	
  
	
  

Appropriate	
   interven7on	
   programs	
   can	
   then	
   be	
   planned	
   and	
  
implemented	
   to	
   build	
   students’	
   competence	
   and	
   confidence	
   with	
  
fundamental	
  mathema7cal	
  ideas.	
  	
  

	
  

Conclusion 



When	
   all	
   3	
   dimensions	
   –	
   diagnosis	
   of	
   difficul7es,	
   interven7on	
   to	
  
build	
   meaningful	
   ways	
   of	
   thinking,	
   and	
   developing	
   confidence	
   in	
  
their	
  mathema7cal	
  ability	
  –	
  are	
  present	
  …	
  
	
  
Students	
   will	
   be	
   prepared	
   to	
   engage	
   with	
   further	
   mathema7cal	
  
ideas	
  and	
  be	
  inclined	
  to	
  use	
  their	
  knowledge	
  of	
  mathema7cs	
  in	
  the	
  
many	
   everyday	
   and	
   work	
   contexts	
   where	
   reasoning	
   and	
   sense	
  
making	
  will	
  be	
  required	
  
	
  

Conclusion 


