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Learning Algebra & Developing Functional Thinking - With or Without CAS?

. 4 ™\
¢ CAS is too powerful to\ 4 When using h CAS may only be used
use it for lower CAS, following the white-box
secondary level - only pupils lose black-box principle

use it in upper \_by hand skills
\_ secondaryi/
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Topic Technology Tasks & Teaching

Focusing
1. ... the Topic:
Algebra & Functional Thinking

2. ...the Technology:
CAS and MRS (Multi Representational Systems)

3. ... the Tasks & the Teaching:
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Algebra and functional thinking: .... problems

... measuring basic algebraic skills in PISA:

Which of the following represent half of a?
Mark the correct answers with a cross.

% Ja Nein
_1 -
a-=3 Ja Nein
1.5 ,
5 Ja Neln
a_g Ja Nein in PISA 13 % correct

2
0,5-a Ja Nein
a :% Ja Nein
1 Ja Nein
2
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Algebra and functional thinking: .... problems

... measuring basic algebraic skills with

For my garden, | bought
* r red rose bushes and
* g white gardenia bushes.

The roses cost $4 each.
The gardenias cost $5 each.

Choose the eqguation that says that the total cost was $70:
4r+5g=/0

10r+6g=70 Only 34% answered correctly.
r+g=r0
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Algebra and functional thinking: .... problems

Y 4 Height h

44 A

.

4

o time t

6 1 5 3 4 5« 42% sketch a

For which value of x is the Test-Results wrong graph
y-value 17 Semester 1
29% wrong answer 2008/09

A taxi driver takes 5€ as fix costs and 3€ for every km. | 48% sketch a
Sketch a graph, ... wrong graph

See also: Janvier 1983, PISA 2003, PALMA 2006, Kaput 1994
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Algebra and functional thinking: .... problems

Test with about 100 Math-students, Semester 1
C

Fx) F(x) Fix)

i

O L]

The doted line is drawn from A to B.

F(x) gives the size of the grey area at x.

a. Which graph belongs to F(x)? Make a cross.
b. Give reasons to your choice.

Results:

a. 66% correct answer

b. 57% correct answer
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Algebra and functional thinking: .... problems

Test with about 100 Math-students, Semester 1

C F(x) 4 F(x) F(x)

v

0’ 0

Begriinden Sie Thre Wahl:
CA(x)

" '  da Feda P&
The Clacle sk s, o€

Graph-as-
Picture-
misconception

Hoffmann 2007
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Algebra and functional thinking: .... problems

f1s a differentiable function with f (-x) = - f (x).

Which of the following is correct? E
A)t'(-a)=-1'(-a)
B) f I('a) = f '(a) F(x)=x
C)f'(a)=-1'(a)
D) None of the above

0.5 (1,1)

2.2

-3.89

A typical answer was: f'(-a) = (f (-a))'=(-f(a))=-f'(a).
Eisenberg & Dreyfus (1990)
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Algebra and functional thinking: .... What Is it about?

Learning basic || Getting a sense for Dealing flexibly with functions
syntactical skills || symbols and structures | | and their representations

5(2x+1)=10 5(2x+1)=10
10x + 5 = 10 5(2x+1)=2e5

f(u)=a e u+ a?

Jahnke 1999; Kruger 2000; Schubring 2007 ;
MAV Decembre 2011 Barbel Barzel Sierpinska 1992; Arcavi 1992




Learning Algebra & Developing Functional Thinking - With or Without CAS?

Algebra and functional thinking: .... What Is it about?

Learning basic || Getting a sense for Dealing flexibly with functions
syntactical skills || symbols and structures | | and their representations

= Connecting mathematical representations
(verbal, graphical, numerical and symbolic representations)

= Developing and connecting different mental images

Presmeg 1997; 2006; Duval 2002; Tall 1997;
MAV Decembre 2011 Barbel Barzel Fischer 1987; Malle 2000; vom Hofe 1995




Learning Algebra & Developing Functional Thinking - With or Without CAS?

Algebra and functional thinking: .... What Is it about?

Learning basic || Getting a sense for Dealing flexibly with functions
syntactical skills || symbols and structures | | and their representations

= Connecting mathematical representations
(verbal, graphical, numerical and symbolic representation)

= Developing and connecting
different aspects/ images of the concept
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Algebra and functional thinking: .... What Is it about?

Learning basic || Getting a sense for Dealing flexibly with functions
syntactical skills || symbols and structures | | and their representations

= Developing and connecting
different aspects/ images of the concept

-

“Variable” can be seen

“Function” can be seen:

= as a placeholder .
= under the aspect of mapping

= as a generalizer .
= under the aspect of covariation

= as an unknown - as an entity

= as a changing quantity
Malle 1993 & 2000; Fujii 2003
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Algebra and functional thinking: .... What Is it about?
> Lens equation
e 111
« ¢ Me— b —» g f b

Drijvers 2005

Focus on structure when typing the equation into the machine,
otherwise:
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Algebra and functional thinking: .... What is it about?
N Lens equation
== 1 1 1
« P pe—5—» g - f D
laceholder: SYLI.
as a placeholder: . 10 B
1 1 1
as an unknown: E:-] sc}hre(—=— e b]
as a generalizer: g J
b =30 . ,_ T
50 _g
10
as a changing quantity: blg) = - i_]
"DI:II]_E" m_Ll
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Algebra and functional thinking: .... What is it about?

Learning basic || Getting a sense for Dealing flexibly with functions
syntactical skills || symbols and structures | | and their representations
e )

V

Flexible use of variables, in concrete:

« Calculate with variables in the same way than with
numbers, such as: 2a+4a = 6a

« Knowing that variables are standing for a number not for
an object, avoiding a misconception like:
Six students for one professor: 6s=0p

« Accept results with variables as an answer, such as:

The solution is 2p+1!
Kichemann 1981; Malle 2000:;

Mac Gregor/ Stacey 1991,
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Technology

Which technology supports the learning of algebra?

Technologies are media,
they have to mediate and to support the
teaching— and learning process

They are a mediator between mathematics and the pupil
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Technology

Which technology supports the learning of algebra?

General tools

= DVD

= [nternet

= Presentation
tools

= Computer Algebra (CAS)
= Graphing

= Spread sheet

= Dynamic Geometry

¥

Multi-representational system
(MRS)

» GeaGebra

Barbel Barzel

MAV Decembre 2011

Specific purpose:

thematical tools
neral purpose:
= Applets

= Tools for
measuring data

\ )




Learning Algebra & Developing Functional Thinking - With or Without CAS?

Technology

From CAS to MRS

Multi-representational system

f(x) = ax?

F int: | O] —1
ocus point;
P 4a
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Using variables and functions

basic lheight larea [

-capture('{=capture('|=capture('
TU.T499| B.U47T4{ 4U.8388

103448 7.95204| 41.137
104617 7.89411| 41.2929
10.6566| 7.79612 41.54
10,8125 7.71643| 41.7169
10.8804| 7.67615| 41.7983
11.3582| 7.42838) 42.1864
11.4751 7.36481| 42.256
11.592) 7.30059] 42.3143
11,708 7.23572] 42.3614
11.7479) 7.21395| 42.3745
12,2936 6.9016| 42.4228
12,4105 6.83282| 42.3985
12,5275 6.76339| 42.3641

A4z el

g =128 )

h+i=21
=21-h

hti=21
I=21-Hh

g2=1%-p2 JER

(21-h)%-n%=g? 441-42-h=g”
J441-42 1 = gl#) Fertig
g(h)-h —m(;‘zj Fertig

12.6053| 6.71682| 42.3338 %(a(ﬁ:)) J'21'(22"’?‘21) 2;;{2712}:
12.6443| 6.69338| 42.3165

12.6833| 6.66988| 42.2079 %fg(h))aa?(h) Fertig
12.8389| 6.57528| 42.2098 covelarlil=o] e

F198 |
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Using variables and functions

I . 1
‘ Ei;: ?,i =rand(999|=2*'basis+2*' I Felsager 2007
Unfung: 2.6 47... [418106... [2.05154220...
| ol 185... |581118... [1.34927454...
71... |882744... 2.67148418...
20... [655161... |2.03028786...
0.1 19...|.848036... [2.46767698..
0. o 96... |303560... |707300000... <
CI | 2.0515422031412
X fﬂa.ﬂs,F i'cidm] !

"(Umfang/ Flache),

.IJ
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Technology

Devenere locos, ubi nunc ingentia cernes

“~~ moenia surgentemque novae Kathaginis arcem,
mercatique solum, facti de nomine Byrsam,
taurino guantum possent circumdare tergo (Aneis, Virgil)
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Technology

" Find an equation

I~

Dynamic Geometry | | Computer Algebra
Symbolic approach

Trv values
Spread sheet

First step: First step:
A valuell! —h a An expression!!!
- B> &= B & JE ng\e \ (R Fertig ]
=seq(i.i,1,13,.25) |=13-2*a[] |=a[]*0]] make a "ect-a s'\ﬂ 4 4ol 13—4-x

1 i I | —IlAx

1‘%5) W‘/\\ of g‘VQn \e“gt.h\,\\lre(zvem CO 13
d sheet | o side. WL ] Tputey Al x
Y o on the geateslt AN Vsotve(fx)=0,.x erra

22}.2 ?85. . 62;5 haS solve(13-4-x=0,x] 5

‘3. ? I2'I. |

7T Make a sketch va
aa=3-.i2662 u

6.74676 u

Graphical approach : 134
First step: Dynamic Geometry \/

A sketch/ a graph!!!
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Technology

From CAS to MRS

Spread sheet Dynamic Geometry | | Computer Algebra

Research study in Norway (Fuglestad 2005)
3 grades (8-10, 14 — 16 years old pupils), 6 classes took part,
The three tools were always available

Which of the three tools do pupils use when solving tasks,
where all tools can support finding a solution?

:

All the three tools are used - by different pupils and the
pupils could explain their choice
according to their solution methods

But : They must be aware of the three tools!!
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Technology

The relevance of general purpose tools
Sc Calc Dyn Geo Spread Sheet Graph / CAS

5 :
DeCImals Graphs NN (A
g
7 Trianale Modeling: _
- J Variables in Functions:
= formulas Proportional, linear,
mﬂ" | x km - 0,04 I/km - 1, 56€ Inversely
3 Area- F Equations ——
Reasoning formulas | *d £
T Statistics | === a.m Systems of
R Lin. Equat.
9 S~ e pe— ’
— =
Trig Pythagoras Modeling Further types of Functions
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Algebra and functional thinking: How can it be realized?

GRAPHICAL NUMERICAL SYMBOLIC

6 Sttt Map scale e oo | Variable
T ,1:100 000* o 08 00o oose | generalized

acasisLikshitins number
Modeling: Variable
7 Variables in placeholder
formulas ession

x km - 0,04 I/km - 1, 56€ del e

transform

Area- P = :

' - formulas || *™a unction
EXpe”mentS - covariation

— mapping

Functions: proportional & linear, Inversely Variable

Chang.

guantity
4 Idea of equations  [iR™ Equation

Insert,

) describe,

. transform
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Introducing "functional thinking" with experiments

Which graph is created by my movement?

schnaturwissenschaftlichen
unterricht

Sandra Ganter

Experiments to switch situation & graph

Research question:

How does real experiment
supports the
conceptualization of a
Jfunction?
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Introducing "functional thinking" with experiments

Which graph is created by my movement?

unterricht

Spontaneous movements and
Interpreting the graph

2. Step:
Match a given graph

MAV Decembre 2011 Barbel Barzel



Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Introducing "functional thinking" with experiments

Which graph is created by my movement?

At first:
a very strong picture in mind as a
pattern
graph-as-a-picture misconception

They overcome faults and argue in
different ways, e.g.:

Statically: in the sense of mapping
points

Dynamically: in the sense of
covariation
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Introducing "functional thinking" with experiments

K

i [\ Independent
S .. Experimental- student experiments
group (in groups)
Three groups: (n=77)
Pre- & Posttest- Experiments shown
Desig N Control group on film
(n=86)
Traditional teaching
Zero group with textbook
(n=41)
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Introducing "functional thinking" with experiments

D Nﬂ» D

ieren im

#ee earning gains in the three groups

B Pretest
B posttest

In %

Average of correct answers

Experimentiergruppe Kontrollgruppe Nullgruppe
Testgruppen

MAV Decemt




Introducing "variables"

Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Modeling:

Variables in formulas

What does it cost to go by car,
by bike and by train? Compare.

-

BahnCard 100: 3800€

Bahn

Wil cekoool: b

o

=

MAV Decembre 2011

I == 1 pal | i ! ! i I IR R R LR % s ID *g ] 0
—_ =+ =+ —)[ —> [ 900
=B14+C147014 0 04 +4"F 14
] I i
ER Tabellenkalkulationsblatt zmr Aufgabe Erkunden 4: Was kostet das Auto?
10
i - —
Wertverlust in 4 Eilometerzahl in |Benzinkosten in 4 Jabrliche Reparatur / Gesamtkostenin 4 Mege 7 y 0
12 Tahten Benzinpreis 4 Jahren Tahten Steuer [ Versicherung Tahren o~ i
13 (in Euro) (in Euro pro Liter) (im Kdometer) |(in Euro) {in Euro) (in Euro) '
4] 3000 2,05 40000 3280 900 9380 _@Q
15 :
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Introducing "variables" ......

Area-formulas

!nv0|ce of a Jqla2|er

MAV Decembre 2011

a
a
b -
a-(b+h)-b-h

Barbel Barzel

E ELS
10 C D3N F | G |
1 Miiller Fensterbau
g GmbH & Co KG
4 | Abrechnung fiir rechteckige Fenster
5 |Fenstermafe Hthe 08 m
6 Grundseite 2m
1| 7
8 Preis
9 |Fensterfliche Preis pro gm 3 &£/m?
10 berechnete Fliche 1,6 m*
4| 11 Materialpreis gesamt
12 Arbeitszeit Zuschnittt pauschal 20 € 20,00 €
4| 13
14 |Rahmen Preis pro laufendem Meter 10€/m
4 ﬁ berechneter Umfang m
16 Materialpreis Rahmen
Eanctarariff 1ind _aifhinoiing 5N £/ Chitel



Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Introducing "equations™ ......

Idea of equations

...when looking at a table

What is equality?....

...when looking at graphs

42 18.3 17.98
43 18.45 18.17 o
44 186 18.36 -
45 18.75 18.55 — ——
p—
46 18.9 18.74 - £2(x)=0.19-x+10
47 19.05 18.93 f1(x)=0.15 x+12
48 19.2 19.12
49 19.35 19.31
50 19.5 19.5 e ) _29:22
51 19.65 19.69
52 19.8 19.88
53 19.95 20.07
Fas |
...and sometimes you need an exact value:
=

3 x+0,25=2-x+3

3-x+0,25=2x+3

[3.x+0.25=2x+3]-0.25

[3-x=2-x+2.75]

[3:x=2x+2.75]-2-x

[x=2.75]

solve(ﬁ-x+0. 25=2-x+3,_'{)

x=2.75

MAV Decembre 2011
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Using variables and functions

CAS when learning algebra TC(a):ye+n
- Yes or No? g

|
Mattias Zeller
Tl-nspire CAS versus Tl-nspire

HEPE
(o) Vo

@g;\"_ oo
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Using variables and functions

ic(a)=ye+n

Tl-nspire CAS versus Tl-nspire

Ti-21spire
A3 TEXAS INSTHUMENTS

l Startseite

= =
1:Calculator] 2:Graphs & ... 3:lists & Sp... 1:Calculator] 2:Graphs & ... 3:lists & Sp...
4:MNotes S:Data & Sta... 6:Neues Do... 4:Notes S:Data & Sta... 6:Neues Do...
'-L? h? -L? i
P9 o Y o
7:Eigene Da... 8:Systeminfo 9:Tipps 7:Eigene Da... 8:Systeminfo Q:Tipps

-FUQBH Sie dem gedffneten Dokument @’
eine neue Seite mit der Calculator B

Fiigen Sie dem gedffneten Dokument @’
fer I
MAYV Decembre 2011 Barbel Barzel

~eine neue Seite mit der Calculator !
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Using variables und functions

cla)=ye+n

Tl-nspire CAS versus Tl-nspire
P T.-NeNire cac [ N

. BOG AUTO REELL [ BOG AUTO REELL [

1:a+2-:q+3-b+4-b 3eqt7b A a:=7 7 Al

factor| 125c+36 ) 12:(x+3) 2.0 51

eXPand(IZ-(y+3)) 129436 nSolve( 129+36=96,y ] 5.

12:2+36z=2 60 |

(12-++36=96 )26 12+=60

12+1=60 t=5

12

r e 9

1/6 3/99
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Using variables und functions

Applied problems TC(a):ye-l-n»

Party organizers

After graduation, you want to organize a party. Several offers
of local providers are available:

YUKI EVENT | PARTYMAD | FLASH
meal / person 24 € 15 € 20 €
rent for the room | 400 € 2300 € 900 €
stereo 350 € 400 € included
decoration included 200 € 300 €

Compare the offers.

These points might help you:
e How many guests do you expect? What will the costs be
at which offer?
e When do two offers have an equal price?
e Present an overview of your results.

Additional task:

Another provider has a big party room. His offer is the cheapest,
so long as more than 500 guests come. How much money can he
charge, while still being the cheapest?
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Using variables und functions

Applied problems TC(a):ye-l-n»

4 3
Prtn fir.. e € 10 1.1 BOG AUTO REELL L

240 §910 §000 §000
341 $93¢ §015 g020

Guch Pty  |Evet  |Lotabiow |5 CELE

142 3438 4530 3440 T 6 P

143 3462 4535 3460 T 12(x)=151c+2300+400+200
Z

339 $§86  *385 1380 | m X 7 13(3)=2050+900+300
5
F

7098423 — > ? eL-enrum‘?
/ : i ’/y/ 1 (x)=245+400+350 — ?

. g L 20 421
~:;\.»,'. g

1.3 BOG AUTO REELL
% f100= W [f200= ¥(E33)= ¥ — b
24%5+400] 15%5+230] 20%5+900 y - m X +
338.] 8s862.] 7970.] 7960.
339.| 8886.] 7985.| 7980.
340)]  8910.] 8000.] 8000.
341.] 8934.] 8015.| 8020.

342, 8958. 8030. 8040.
343. 8982. 2045, 8060.

—~a s P e o

4w

... if l add 1 to the first number, than |
have to ... to the other number ...

L K 15

PdO.
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Using variables und functions

Observations [c(a):ye+n>

1. The step from arithmetic to algebra:

* Non-CAS-pupils perceive a difference in the underlying rules of
arithmetic and algebra.

« CAS-pupils accept results with variables as an answer
— Non-CAS-Pupils quite often do not.

2. Using different representations

* Non-CAS-pupils avoid algebraic work,
because it can not be done by the machine.

« CAS-pupils are more motivated and keen to use variables,
Non-CAS-pupils find the use of variables to be difficult.
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Using variables und functions

. y(/U(l = J&.x + F§0
Observations (e AR
FLAE = Wx + 900

Lo il
(’M‘au«lzﬂr.x ¢ 2200
e W Aylok Yoy ot
I S . S~ TV IS 4 /%

Rhs GRD AUTO REELL []
ple.gir)i=egtr Pertig

solve(p(15,500,2900 =pla,500,£)/) 1 il | Pk Lt

f=10400-500-a
£=10400-500-14 £23400 18 Hew:  Abs + 3000,
f=10400-500-13 f=3900 bes, © (Hg;«) s g ¥ \}
f=10400-500-a|a=5 F=7900 = ’cl“«ﬁ
f=10400-500-a|a=8 f=6400 \
£=10400-500-ale=12 £=4400 ™ podos (p (£, S00, 27‘90) = pla-J00+f], f}

4114

g: 0 400 —500- a
Jao hne Aplt heallh ¢ 8. N2 Ene
o~ | T900 f, e .
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Using variables und functions

Analysing pupils’ solutions

Which graph belongs to the
function f with

f(x) = X (x+2) 2?

Give reasons!

CAS-group : 26
Comparison group
without technology : 80
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Using variables und functions

Analysing pupils’ solutions
From the CAS-group:

2) Eu der F&hkécch Q«"x; W(-\wﬂ?) Sehqaf

maph "¢ dwﬁ QC&) het seme /Vc.?@p.-»kée
bed x =0 9 (e 4?) wd
bec = -2 ->x_$ 2 %) ",-'Me»

@"d
f(X) = X (x+2) 2

kotnmﬁ C!-op)v d h;__&bf_:_'s'_‘?')_'.'fr@ﬁc__,_,
Uecterhh  hat—f ) 2okt
e Leden g(*) i, Shfewc-?(? C2 03
_peﬂc.fcke,, Y Oerf e usegrdneﬁ T
e 8(—1)"-4( 14-?) --4:
%Ber konheh a_ wd b keu—»e Grophen vah
g("u Seh. -So!mf st o c]e? GI-C.‘PL £<.
de ﬁ»ﬁém» X(J:)
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Using variables und functions

Analysing pupils' solutions
From the CAS-group:

2) Eu der F&hkécch Q«"x; W(-\wﬂ?) Qefmi-f

aph ¢ dwﬁ QC&) het seme /Vc.?@p.-»kée
bed x =0 9 (e 4?) wd
bec = -2 ->x_$ 2 %) ",-'Me»

R a

f(X) = X (x+2) 2

kotnmﬁ C!-op)v d h;__&bf_:_'s'_‘?')_'.'fr@ﬁc__,_,
Uecterhh  hat—f ) 2okt
e Leden g(*) i, Shfewc-?(? C2 03
_peﬂc.fcke,, Y Oerf e usegrdneﬁ T
e 8(—1)"-4( 14-?) --4:
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Usmg varlables und functions
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Using variables und functions

f(x) = X (x+2) 2

Where is the statement of the answer?

80%

70% ]

60% [ B Exp-gruppe
- 0 -
o 45180;0 @ Vgl-gruppe A
o 00 | | | BVglgruppe B
& 30%

20% | | | OVgl-gruppe C

100 Tl =l | O

O% L ! T T

None Beginning Middle End
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Using variables und functions

f(x) = X (x+2) 2
Possible explanations for students writing
the statement of the answer first

Reasons

100

B Exp-gruppe
@ Vgl-gruppe A

in %

O Vgl-gruppe B

. O Vgl-gruppe C

Focuson Notclear Change
expression graph & expr
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Tasks & Teaching

Using variables und functions

f(x) = X (x+2) 2
Possible explanations for students writing
the statement of the answer first

Did they follow the "recipe" ?
120
100
80 B Exp-gruppe
X 50 - B Vgl-gruppe A
= O Vgl-gruppe B
40 - O Vvgl-gruppe C
20 - I
0 - . = 1
' Yes Not clear No
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Learning Algebra & Developing Functional Thinking - With or Without CAS?

Learning Algebra and ° 0
Developing Functional Thinkin@
With or Without CAS?

Promote deep
understanding.

Focusing
1. ... the topic

2. ...the technology
3. ... the tasks & teaching |

Use CAS, but not
just the symbolic
features

Allow variety of
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