Linking multiplication and division in helpful and enjoyable ways for children

Ann Downton

Australian Catholic University, St Patrick’s Campus

Multiplication and division are important ideas in the primary years. Providing opportunities for children to build up and share a range of efficient strategies for different problem types can make teaching these topics highly enjoyable, challenging and successful in Years 3 and 4. This paper presents many practical examples of how young children make links between multiplication and division, for a range of problem types that were part of a teaching experiment.

Key ideas underpinning multiplication and division

Studies on children’s solutions to multiplication and division problems indicate that children as young as pre-school can solve a variety of problems by combining direct modelling with counting and grouping skills, and with strategies based on addition and subtraction (Anghileri, 1989; Bryant, 1997; Carpenter, Ansell, Franke, Fennema, & Weisbeck, 1993; Kouba, 1989; Mulligan, 1992). While this may be true, it is a widely held belief that multiplication and division are conceptually complex both in terms of the range of semantic structures (Anghileri, 1989; Kouba, 1989) and conceptual understanding (Steffe, 1988). 

To understand multiplication and division the child needs eventually to coordinate a number of equal sized groups and recognise the overall patterns of composites, such as 'three sixes’. A composite is defined as “a collection or group 

of individual items that must be viewed as one thing” (Sullivan, Clarke, Cheeseman, & Mulligan 2001, p. 234). Killion and Steffe (2002) used an example of a third grade boy, Zachary, to illustrate this. At the beginning of the year he focused on the individual items in a collection and could not view the collection as one thing. Although Zachary had a concept of “three” he viewed three items individually rather than as one three, and so was unable to see three items as a countable unit in the same way as he could for units of one. The demands on students in understanding multiplication were described by Steffe:

For a situation to be established as multiplicative, it is necessary at least to co-ordinate two composite units in such a way that one of the composite units is distributed over the elements of the other composite unit. (1994, p. 19)

Coordinating these ‘composite units’ is complex, and while physical models can help initially children must move beyond physical models to creating mental images of a variety of multiplicative situations (Greer, 1992; Sullivan et al. 2001). This is partly because physical models do not easily represent all multiplicative situations and partly because these models become less feasible with large numbers and inappropriate with rational numbers (Greer, 1992). 

As well as grasping the notion of composite units, an understanding of division requires more than knowledge of sharing out a collection equally; it requires an awareness of the relationship between the divisor and the quotient (Bryant, 1997). Knowledge that ‘amounts each receives’ varies according to ‘the number of recipients’ is not a consideration many young children undertake when sharing. Bryant maintained that a young child may be able to share using one to one correspondence but is unlikely to have an understanding of this relationship.

Division can be thought of in two ways: partitive and quotitive (Fischbein, Deri, Nello & Merino, 1985). In partition division (commonly referred to as the sharing aspect) the number of subsets is known but the size of the subset is unknown, whereas in quotition division (sometimes known as measurement division), the size of the subset is known but the number of subsets is unknown. For example, 12 divided by 3 interpreted as a partition problem translates to a situation such as, ’12 lollies are shared between 3 people. How many do they each get?’ Interpreted as a quotition problem it would be: ‘12 lollies are packed in bags of 3. How many bags are there?’ Partition division has traditionally been taught before quotition division (or measurement) division because the sharing aspect was considered to relate much more to a child’s everyday life (Bryant, 1997; Haylock & Cockburn, 1997). However, Brown (1992) found that children in Grade 2 performed better on quotition problems and tended to solve partition problems using grouping strategies, rather than sharing strategies.

As mentioned earlier, there are a variety of multiplicative situations. Children need to become familiar with the different situations these embody as well as the different language they involve, in order to gain a full understanding of these concepts. An explanation of each multiplicative structure is given in Table 1 with an example of a task for each type. These different structures include equivalent groups, allocation/rate, rectangular arrays, times as many or multiplicative comparison, and Cartesian product (Anghileri & Johnson, 1998; Greer, 1992).

Table 1: Multiplicative structures and examples of word problems

	Multiplicative structure
	Multiplication word problem
	Division word problem

	Equal group structure


	Three children have 4 cookies each. How many cookies do they have altogether?
	12 cookies are shared equally between 3 friends. How many cookies do they each get? (Partition)

	Allocation/ Rate 
	One sticker costs 5 cents, how much would 3 stickers cost?
	I have 30 cents to spend on stickers. If one sticker cost 5 cents how many stickers can I buy? (Quotition)

	Rectangular arrays


	A box of chocolates has 4 chocolates in each row. There are 3 rows of chocolates. How many chocolates are in the box?
	I had a box of 12 chocolates. There are 4 chocolates in each row. How many rows of chocolates in the box? (Quotition)

	Times as many or multiplicative comparison
	Jamie collected 4 seashells. Simone has 3 times as many. How many seashells does Simone have?
	Simone collected 12 seashells. This was 3 times as many as Jamie. How many seashells did Jamie have? (Partition)

	Cartesian product or Combination problems
	Jess has 3 skirts, and 4 
t-shirts, how many different outfits can she wear?
	Jess has 12 different skirts and t-shirt outfits to wear. If she has 3 skirts. How many t-shirts does she have?


The ‘equal groups’ aspect is usually the first encounter a child has with an application for multiplication. Within this conceptualisation of multiplication the function of the multiplier and multiplicand play clearly different roles. Take the following example, ‘Three children have 4 cookies each. How many cookies do they have altogether?’ The number of children is the multiplier that operates on the number of cookies (the multiplicand), to produce an answer (Greer, 1992). This aspect of multiplication can be linked to partition division (equal sharing); dividing the total (cookies) by the number of groups (children) to find the number in each group; or to quotition division; dividing the total (cookies) by the number in each group (4 cookies) to find the number of groups (children).
Allocation / rate relates to a many to one or one-to-many matching in which equal sets are matched using a tally of objects (Anghileri & Johnson, 1988). For example, ‘One car has 4 wheels. How many wheels would 3 cars have?’ According to Anghileri and Johnson young children find it easier to do tasks such as this than to make three equal groups of four. The reason being that only one of the two numbers involved needs to be internalised and acted upon. 

In the array structure the two numbers multiplied play equivalent roles, so they are not distinguishable as multiplicand and multiplier. The physical arrangement of objects in a rectangular array provides a useful representation for making the property of commutativity, intuitively recognizable (Greer, 1992). 

The ‘times as many’ or ‘comparison’ aspect is quite a different type of application of multiplication as it does not concern repeated sets but an enlargement that may apply to either discrete objects or to a continuous medium (Anghileri & Johnson, 1988; Greer, 1992). For example: ‘John has 3 times as many apples as Mary. If Mary has 4 apples, how many apples has John?’ In this case the multiplicative factor may be conceived of as the multiplier. But it may also be viewed in terms of a many-to-one correspondence (3 apples of John’s for every one apple of Mary’s) which makes 3 the multiplier. Anghileri and Johnson (1988) and Greer (1992) suggest the multiplicative comparison has the advantage over the ‘groups of’ aspect as it relates directly to the nature of multiplication and will be useful later for dealing with proportional reasoning problems.
The Cartesian product or combinations aspect is considered a more difficult form of multiplication as it related to thinking about the product as ordered pairs. The number of elements in each set is a factor of the number of elements in the Cartesian product set. In the skirts and shirts example (Jess has 3 skirts, and 4 t-shirts, how many different outfits can she wear?’) the product consists of pairs of things taken from each of the given sets, in this case the skirts and t-shirts.

Children’s solution strategies

As mentioned earlier young children can solve a range of multiplication and division problems by combining direct modelling with counting and grouping skills, and with strategies based on addition and subtraction. As children progress, they move from relying on direct modelling to solve problems to partial modeling, skip counting, double counting, repeated addition or subtraction, to the use of known multiplication or division facts, commutativity and derived facts at which point they are operating on problems abstractly (using multiplicative thinking) (Anghileri, 1989; Brown, 1992; Kouba, 1989; Mulligan, 1992; Mulligan & Mitchelmore, 1997; Oliver, Murray & Human, 1991; Steffe, 1988).
Kouba (1989) found children used two intuitive strategies when solving quotition problems: either repeated subtraction or repeatedly building (double counting and counting in multiples). For partitive division, children drew on three intuitive strategies: sharing by dealing out by ones until the dividend was exhausted; sharing by repeatedly taking away; and sharing by repeatedly building up.

Snapshots from the classroom 

Having provided a background to the key ideas underpinning multiplication and division and strategies children use, the focus for remainder of the paper is on linking multiplication and division drawing on a classroom teaching experiment. 
In 2007 I undertook a teaching experiment of children’s solution methods for a range of multiplication and division problems in a Year 3 class in a school a middle class suburb of Melbourne. During this time, I worked alongside the classroom teacher over two three week blocks. The first three week block focused on multiplication and involved learning experiences relating to equivalent groups, allocation/rate, rectangular arrays, and ‘times as many’ multiplicative structures. The second three week block focussed on division and was taken at the beginning of Term 4, due to the classroom teacher being on long service leave for Term 3. The intention throughout the experiment was to explore the intuitive strategies children used to solve a range of tasks relating to the different multiplicative structures, and to develop their conceptual understanding of multiplication and division. The classroom teacher and I also wanted them to enjoy the learning experiences, to see the relevance and purpose for the learning, and to gain a sense of achievement from their efforts.


The children had not experienced formal teaching of multiplication and division in the school year prior to the teaching experiment apart from some work on multiplication facts (2s, 5s, 10s). In Year 2 they explored multiplication through equivalent groups and division as sharing, with no formal introduction of the symbols for these operations. Having said that, some children attended Kumon outside school, so these children were familiar with the multiplication and division symbols. The children worked in pairs of mixed ability throughout the duration of the teaching experiment and were aware of the purpose of the study. 

The learning experiences each day were planned in response to insights gained from the children’s performance and strategies used, and included an enabling prompt and an extension. The tasks selected drew on a variety of contexts including story problems, open-ended tasks real-life problems and games. While the children were working on a task the teacher and I roved and questioned them about the strategies they were using and their thinking, using questions such as: ‘Can you explain how you worked it out? What thinking did you need to do? What other way might you work it out? How could you check to see if your solution is correct? What if you had…? How would you work it out?’ Each lesson followed the whole-small-whole model where the teaching approach involved a short sharp activity at the beginning of each lesson to tune the children in, followed by a question posed and time for independent exploration in pairs, and a whole class reflection on the learning at the end. 
The following are examples of the different tasks relating to the multiplicative structures for equivalent groups, rectangular arrays and ‘times as many’ (described earlier in this paper) for both the tuning in and main part of each lesson and the sorts of discussion that ensued. 
Tuning in tasks

These consisted of a game, a visualisation or physical involvement task, relating to the topic. Visualisation was an important feature of many lessons, as we wanted the children to move beyond the use of concrete materials to being able to visualise multiplicative situations. We chose activities that would prompt the visualisation of multiplicative situations such as visualising a collection of dots or tiles in particular arrangements, picturing the number of hidden dots, and in multiplicative comparison (times as many), picturing how many times as many counters their partner would have. The teacher asked the children to explain the mathematics they were using and made links back to the learning from the previous day. Examples of tuning in activities for multiplication and division are included below in the sequence they were used.

Go-go groups (Equivalent group structure)

The children go outside and move around freely and when the teacher holds up the numeral card they need to get into groups of that size. Discuss the number of groups and how many altogether. After a few times ask them to predict if there will be any children left over. For each different representation record the number of groups, number of students in each group, and whether there were any students ‘left over’. This information can be then used as part of a discussion back inside the classroom.

What do you see? (Rectangular arrays)

The teacher arranges some dots on hidden board in an array. Show the array for 10 seconds then ask the children to make what they saw using counters or square tiles. Share and check. Repeat a few times. Ask the children what they are picturing in their heads.

Variation: Arrange some tiles on hidden board, in an array. Show them for 10 seconds and ask the children to draw what they saw and write a statement for it. Share and check. Note whether they use the word rows.

Show, hide and multiply (‘Times as many’)

The teacher shows 3 counters, hides them and asks the children to take 3 times as many as she has. How many counters do you have? How did you work it out?

Children take turns to hide counters and ask partner to take x times as many. How many would you take? How do you know? How did you work it out? Children record what their partner had, what they had, and what they did to work it out. Model an example of a pair on board: Chris has 6 counters. James has four times as many counters. How many counters does James have?

Left overs game (Equivalents groups: Partition division)

Each pair takes a collection of buttons (no more than 40), records the quantity, then takes turns to roll a ten-sided dice and share the collection between that number of people and record informally. For example, 30 shared between 6, is 5 each. If there is a remainder they record this, for example 30 shared between 7 is 4 each with 2 left over. The next person rolls and shares 30 between the number rolled, and then records it. Winner is the person with most left overs. In pairs, list the numbers that divided equally. Discuss what other numbers might be divisible by these numbers. Is there a pattern? 

Variation: Children use drawings rather than materials and predict first. Ask if they think they could work it out in their head and if they think there would be any left overs, why / why not? Check by drawing. 

Collection in one minute (Rectangular arrays: quotition and partition division)

Children work in pairs. One rolls a 10-sided 0-9 die, and the other collects that many beans. After 30 seconds swap over. Count the collection. Record the total. If you arrange them in rows of 6, estimate how many rows would you need. How did you work it out? (Note those who used multiplication facts). Check by making the rows. What did you do if there were any left over? Make up a story to go with your number sentence.

Now use your beans and share them between 6 people. How many do they each get? Record the number sentence. Discuss the different representations.

The tuning in tasks provided an opportunity to discuss connections children noticed and to make links to prior learning. For instance after the ‘Go, go groups’ activity the discussion that followed went something like this: ‘Look at the different combinations we made: 6 groups of 4, 4 groups of 6, 3 groups of 8, 8 groups of 3, 12 groups of 2, 2 groups of 12. What do you notice about some of the combinations?’

Jack: 

All the groups have the same amount 

T: 


What do you mean?

Jack: 

Like when we had 6 groups of 4 we had 4 people in each group

Mark: 

They are the opposite

T: 


What do you mean the opposite?

Mark: 

Well 6 groups of 4 and 4 groups of 6 both use 6 and 4. It’s like 6(4 and 
 

4(6 they both equal 24. 

Bianci:
If you halve 4 and double 6 you get 2 groups of 12.

Mark was making the link to commutativity and Bianci was indicating that doubling and halving assists her in finding other multiplication facts for a given number.

After playing the ‘Left overs’ game we discussed the meaning of ‘left overs’ in a real life context. The teacher posed the following task: ‘If you have $15 to share between two people how much would they each get? How did you work it out?’ 

Ally: 
I know half of 14 is 7 and then just halved a dollar so that gave me $7.50. 

T: 

What if it was 15 cookies to share between two, what would you do? 

Dean: 
I do the same as Ally but with the left over cookie I would divide it in half 

so they each get seven and a half cookies.

T: 

What if you have 15 basketball cards to share between 2 friends, what 



would you do with the one card left over? 

Julia: 
Give it to someone else or keep it until I get another card.

Exploration of a problem

Following the tuning in task a mathematics problem or question was posed relating to the different multiplicative structures and the children discussed possible strategies or methods for solving it, before working in pairs to solve it. At times they were encouraged to think of a different way to solve the task to see if they could move beyond their ‘comfort zone’.

Multiplication tasks 

It was interesting to see how quickly they used different strategies once we moved away from equivalent groups type tasks. Initially with the equivalent group type tasks such as: On the table I have put six plates with seven muffins on each plate. How many muffins did I put out altogether? many children drew six circles with seven in each and skip counted by sixes. When asked if they could work it out another way some suggested using materials. Conversely, when given a problem using the same numbers as an array such as: In a box of chocolates there are 6 rows of chocolates and 7 chocolates in each row. How many chocolates in the box? some children immediately said six rows of six is 36 and another 6 is 42, while others said fives sixes are 30, using commutativity and starting from what they know then counted on two more sixes. Some examples of the different tasks the children investigated in pairs, together with some solution strategies, are included below. 

Investigating rectangular arrays

How many different rectangles you can make for the numbers 1 to 36? Let’s take 1 square tile. How many rectangles? [Answer: 1] What about 2? Invite someone to show it on the big plastic grid. How could we write this? [Answer: 2 rows of 1 or 1 row of 2, so one solution]. Record on a chart. Children worked in pairs using the tiles to explore the possible combinations for each number. While they were working they were encouraged to think about any patterns or connections they noticed.

In the discussion that followed some children noticed that 4, 16, 25 and 36 made rectangles that are also squares, and that numbers such as 1, 2, 3, 5, 7, 11 only had one possible rectangle. This task also focused on the range of multiplication facts for different numbers and the relationship between them. Judy noticed that if you know 6 sixes then you can work out 3 times 12 using Bianci’s idea of halving and doubling. Some also noticed that 24 and 36 have common factors. 

Game: How many dots covered? (Rectangular arrays)

This game was used to encourage children to visualize multiplicative situations and the informal use of the distributive property. The children were shown an array of dots and then hid their eyes while the teacher covered some of the dots (see Figure 1). The children opened their eyes and worked out the number of dots covered then explained how they worked it out. In pairs, children took turns to hide some of the dots and work out the hidden number of dots. They drew or wrote an explanation of what they did to find the number of dots. A challenge was to use more than one card to hide the dots.

Listening to the children during the game it was evident many were using the row and column structure to work out the total number of dots hidden as they were saying things like, “I can use the number of dots above and the number of dots down, so if there are six dots above and four dots down then there would be 24 dots hiding.” 
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Figure 1. How many dots covered game?

Jules gave Bianci a situation in which she had to work out 
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. Bianci rounded both multiplicands to 10 and then subtracted the additional multiples. “Six tens are 60 so 6 eights are 48 because I have to minus 12. Three tens are 30 so 3 nines are 27 because I have to minus 3.” Her recording did not include some of the mental strategies used, as indicated below. However these were revealed when she shared with the class. 
Bianci’s recording:


[image: image4.wmf]6839

´+´










[image: image5.wmf] 48 2775

+=


Real life context (‘Times as many’/ multiplicative comparison)

Following on from the times as many counters task (see tuning in), the following problem was posed and the children were asked to share how they would work it out. ‘A frog can jump 20 times its body length. How far would a frog 8 cm long jump?’ 

Judy:
I know that 2 times its body length would be 16 cm and then times that by 

10. 

T:

Who would do it a different way?

Mark:
I would think of 10 times and double that, which is much the same as Judy 

but just around the other way.

The children then worked in pairs on a chosen task from the following:

· A spider spun a web that was 4 times as long as the classroom. How long was the web if the classroom is _____ long?

· I stretched a jelly snake 4 times its length. Before I stretched it the jelly snake was _____cm. After I stretched it the jelly snake was ______long.
· I knitted a scarf that was 3 times as long as half my height. How long is my scarf? My height is ____ cm. Half my height is ____. 
· A large bag of smarties has 4 times as many smarties as a small box of smarties. How many smarties are in the large bag if there are _____ smarties in a small box? 

· My footy team scored 3 times as many points as yours. Your team scored ____ points. How many points did my team score?
Division tasks 

For the division lessons both partition and quotition were explored using a variety of contexts including open-ended tasks, games and real-life contexts. What was interesting was the number of children who used their understanding of multiplication to solve the division tasks. For instance, consider when an open task was posed such as the following: I had 48 stickers to share between some friends. They each got the same amount. How many friends could I share them between and how many did they get? Many children thought something times something is 48. Jules said, “I know my sixes so it could be 8 times 6 so 8 friends would get 6 stickers, or I could turn it around so 8 friends would get 6 stickers.” From here some children used doubling and halving. For example: ‘Half of 8 is 4 and double 6 is 12 so 4 friends could get 12 stickers or 12 friends could get 4 stickers’.

Picture storybook (Equivalent groups: Partition division)

The Doorbell Rang (Hutchins, 1986) picture storybook was used as a context for division situations in which the number did not divide equally. After reading the story the children were presented with the following situation: How many cookies are on grandma’s tray? How many children might share the cookies? If there are 36 cookies to share equally between 8 children how many would they each get? What would you do with the left over cookies? In pairs, they made up a problem relating to the number of cookies on the tray and the number of children to share them. They were encouraged to choose a number that they could do in their heads and the number of children sharing the cookies had to be between 3 and 9.

In discussing what to do with the left over cookies some suggested they be divided by again and shared out so each person got some whole biscuits and parts of a biscuit. Sam said she shared 86 biscuits between 4 friends and they each got 21 and a half biscuits. I asked her how she could check if she was correct and she said: “I know 4 times 20 is 80 and 4 times one is four so that’s 84 and with the other two that’s 86.” 

Real life contexts (Equivalent groups and Rectangular arrays: Quotition division)

For quotitive division, real life contexts such as the following were used and the children were encouraged to record the thinking used to solve the problem and if they could work it out in two different ways. 

· Tennis balls are packed 3 to a cylinder for the Australian Open Tennis Tournament. If we have 48 tennis balls to pack, how many cylinders will we need? This was extended to: ‘What if there were 72 tennis balls to pack, or 4 tennis balls to a cylinder?’

· You have 28 buttons. 3 buttons are sewn on the face of each sock puppet for its eyes and nose. How many puppets will get complete faces? This was extended to ‘x’ number of buttons. 

· Tash is packing biscuits on trays for the school fete. She puts 8 biscuits in each row. How many rows of biscuits were on the tray if she has 128 biscuits?

Again many children used multiplication to solve these division tasks using language such as ‘something times 3 equals 48’. Children were encouraged to draw on what they knew. For instance, Max knew 
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is 48, and so doubled the 8 and halved the six and said 16 times 3 is 48. For the biscuit problem Bianci and Sam used their knowledge of multiplication and the distributive property.

Bianci:
We said something times 8 is 128. We know 
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 is 80, that leaves 48. 


We know that 
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is 48 so 
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 is 128. So that means there are 16 



 rows of biscuits on the tray.

Sam:

Another way to do it is to say 
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 is 160 and then minus 
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They clearly have an understanding of the multiplier and multiplicand and the relationship between multiplication and division. 
Making the links

The children were encouraged throughout each lesson to stop and think about their learning and to use what they knew to work out what they did not know. Similarly, they were challenged to try to solve things in a different way. They were encouraged to record their solution strategies and at the end of each lesson to reflect on their learning in their mathematicians journal and to include the most challenging task they could solve. When they came together for a discussion of their learning either during or at the end of the lesson, they were encouraged to share their solution strategies on the whiteboard. Others were urged to ask questions if they did not follow particular methods being shared or whether their method would work in other situations. The teacher focussed her questions on drawing out their understanding of each problem and making links to the mathematics, in particular when they used their multiplication facts to solve division problems, or split the dividend into known parts. Some of the children commented that division is easier than multiplication because “you know how many you have to start with and how many groups or how many to divide it between”, while others said that “knowing multiplication helped them work out division because they are connected.” Questions used included: What other way might you have solved this problem? What did you need to think about in order to solve the problem? What do the numbers mean in the problem? How is this problem similar / different to the one you did yesterday? If I gave you a problem like this tomorrow what might you do differently? What if I changed the problem to be …? Can you give me an example of where you might use this in everyday life? The children’s responses and solution strategies were collected and used as an introduction for the next session and also to inform our planning for the following day. 
Conclusion and implications for teaching

Multiplication and division are important ideas for children to grasp and children need a variety of experiences with the different multiplicative structures and contexts to understand fully the operations of multiplication and division. Spending a significant block of time on multiplication provided a foundation for the children’s developing understanding of division. The results of this teaching experiment suggest that young children are capable of solving complex division problems when provided with a problem solving learning environment that encourages them to draw on their intuitive thinking strategies and knowledge of multiplication. The implications of this teaching experiment for teaching include:

· Exploration of the different multiplicative structures and aspects of division rather than just restricting it to one model or form.

· Allowing children to draw on their own intuitive strategies to solve both multiplication and division problems prior to formal teaching

· Placing emphasis on the relationship between multiplication and division and the language associated with both operations.

· Placing emphasis on developing conceptual understanding should precede formal recording using algorithms.

· Providing structured learning experiences with plenty of time for children to share their explanations.

· Using rich learning contexts that relate to children’s everyday lives. 
In this paper I have presented an overview of the different multiplicative structures and a sample of tasks used successfully in Years 3 and 4 to support the children’s developing conceptual understanding of multiplication and division.
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