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Most teachers believe learning how to solve problems is an important goal, and report teaching problem solving in mathematics lessons. Some students have different views about what occurs in mathematics lessons. These inconsistencies may be a consequence of different understandings about the purpose of school mathematics and what constitutes problem-solving activity.

Teachers generally report that they endorse a focus on problem solving in school curriculum and agree that problem solving is an important life skill for students to develop (Anderson, 2003). Given the amount of policy advice and resource development, there are concerns about the limited opportunities for Australian students to engage in problems other than those of low procedural complexity (Stacey, 2003). This suggests that teachers’ beliefs about the importance of problem solving are not being supported by actions in their classrooms. There may be good reasons why problem solving seems to have a less prominent place in mathematics classrooms than may be intended. Frequently teachers’ plans are thwarted by a range of contextual factors that include interruptions, and the urgent daily requirements that tend to take up so much of teachers’ time. Another constraint may be students’ views about problem solving. If teachers and students have different perspectives about problem solving in learning mathematics, it is possible that teachers’ best efforts may be thwarted by students’ actions.
Implementing Problem Solving in Mathematics Classrooms

Developing successful problem solvers is a complex task. According to Stacey (2005), there are many factors involved (see Figure 1). Students need deep mathematical knowledge and general reasoning ability as well as heuristic strategies for solving non-routine problems. It is also necessary to have helpful beliefs and personal attributes for organizing and directing their efforts. Coupled with this, students should develop good communication skills and the ability to work in cooperative groups.


Figure 1. Factors contributing to successful problem solving (Stacey, 2005, p. 342)

It has been argued that one way to develop deep mathematical knowledge and understanding is through problem solving (Lambdin, 2003). As students are challenged by problem solving tasks, it becomes necessary for them to think about what they already know; to consider strategies that may help them solve the problem; to engage in discussions with other students and the teacher in an effort to resolve conflicts; and to ultimately reorganise existing knowledge to accommodate new ideas. The teacher’s role in this process is not trivial (Schoën, Cebulla, Finn & Fi, 2003). The teacher needs to choose tasks that require students use of higher-order thinking and sustain engagement (Henningsen & Stein, 1997), help students make connections between mathematical ideas (Lambdin, 2003), and meet the needs of the full range of students in classrooms (Cai, 2003).

Teachers have had many opportunities to build knowledge about teaching problem solving and using problems as a focus of learning in mathematics (Cai, 2003). In Australia advice to teachers has been provided in a range of publications including books (e.g., Lovitt & Clarke, 1988) and professional journals (e.g., Peter-Koop, 2005), in national curriculum statements (e.g., Australian Education Council, 1991) as well as in state and territory curriculum documents (Stacey, 2005). Such advice has been accompanied by considerable efforts through pre-service and in-service programs to change teaching practices from more traditional approaches to contemporary or reform methods where teachers use non-routine problems and problem-centred activities (Anderson & Bobis, 2005). 

Problem-solving tasks can be used in classrooms in different ways. Wright, (1992) describes two distinct approaches teachers adopt according to their beliefs about student learning. The ‘ends’ approach to problem solving presents students with problems at the end of the topic after skills and procedures have been rehearsed. This is based on a belief that students need mathematical content and procedures before they can solve unfamiliar problems; an approach also referred to as teaching for problem solving. The ‘means’ approach to problem solving uses problems as the focus of learning with problems used to provide a stimulus for student thinking. This approach has also been referred to as teaching through problem solving (Cai, 2003). A third possibility is for teachers to teach about problem solving so that students learn a range of heuristic strategies (Stacey, 2005). All approaches have merit since they involve the students solving problems at some stage during mathematics lessons. 

Teachers’ Views about Problem-solving Tasks and Teaching Approaches

Questionnaires have been used to identify teachers’ beliefs and practices (Wilson & Cooney, 2002). One challenge for researchers when designing a questionnaire is to clearly define what is meant by the terms used, e.g., “problem”. If a problem is defined as “a task for which the students have no prescribed rules or memorized procedures” (Van de Walle, 2003, p. 67), then mathematical problem-solving tasks do not need to be elaborate or complex. However, whether a task is a problem or not will depend on the level of understanding of the particular students the teacher is working with. Based on other studies, a classification of mathematics question types was developed by Anderson (1997), which included exercise, application problem, unfamiliar problem and open-ended problem. These were presented to teachers at the beginning of a questionnaire to determine teachers’ problem-solving beliefs and practices (Table 1).

Table 1

Background information categorizing question types (Anderson, 1997)

	Background Information:

For the purposes of this survey, the following definitions are given to assist understanding of the terms used. The examples are questions used by teachers when teaching two-digit addition.

	Mathematics Question Type:
	Example:

	Exercise

(a routine question for practising skills)
	    35

+  27



	Application problem
	If there are 32 oranges in one box, 37 in a second box, and 35 in a third box, how many oranges are there altogether?

	Unfamiliar problem

(a problem type students haven’t seen before)
	There are pigs and chickens in a farmyard and altogether there are 23 heads and 68 legs. How many pigs and how many chickens are there?

	Open-ended problem
	     [image: image1.wmf][image: image2.wmf] What might the missing numbers be?
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One item asked teachers to indicate how frequently they use each type of question (Table 2). Overall, the majority of teachers use application problems and exercises more frequently than open-ended problems or unfamiliar problems. This may be a result of a reliance on textbooks and worksheets, or it may be that teachers are more confident with these particular student question types.

Table 2

Frequency of use of student question types (%), n=162

	Types of Questions
	Rarely
	Sometimes
	Often

	Exercises
	5
	27
	68

	Application Problems
	4
	26
	70

	Unfamiliar Problems
	37
	52
	11

	Open-ended Problems
	22
	58
	20


Judgements about teachers’ problem-solving beliefs were made on the basis of their level of agreement with questionnaire items. Using the classification of mathematics question types, the questionnaire presented a list of statements about teaching and learning two-digit addition. For example, “students should learn all of the basic number facts before they do application or unfamiliar problems” and “mathematics lessons should focus on problems rather than on repetitive practice of routine exercises” (Anderson, 1997). The responses from 162 primary-school teachers to these items and other comments on the questionnaire were used to place each teacher in a category of having traditional beliefs (n=23), reform-oriented beliefs (n=20) or mixed beliefs about problem solving in mathematics. 

Since problem solving is more frequently described in curriculum documents as a teaching approach (Stacey, 2005), teachers’ choice of teaching approach provides more evidence of their problem-solving beliefs and practices. A list of twenty practices was presented to teachers in the questionnaire for them to indicate the level of frequency of use from ‘hardly ever’, ‘sometimes’, ‘often’ and ‘almost always’. From a selection of these strategies, Table 3 presents the proportion of traditional teachers and the proportion of reform teachers who reported using the strategy either “often” or “almost always” (Anderson, Sullivan & White, 2004).

Table 3

Percentage of each of the traditional teachers (n=23) and the reform teachers (n=20) who reported using some teaching approaches “often” or “almost always”

	Selected teaching approaches
	Trad
	Reform

	you ensure that students work alone
	43
	0

	you explain in detail what students have to do to solve problems
	61
	15

	you set exercises to allow the students to practise their skills
	87
	45

	you model the problem-solving process to the class
	83
	85

	you discuss useful problem-solving strategies (eg make a list, draw a diagram, work backwards)
	83
	85

	you encourage students to work in small, cooperative groups
	43
	80

	you present unfamiliar and open-ended problems to the class with very little indication of how to solve them
	0
	35

	you encourage students to record their own procedures and methods of solving problems
	35
	80

	you pose open-ended problems to allow students to explore mathematical situations for themselves
	9
	55


Generally it seems that the reported beliefs and the reported practices are linked. The traditional teachers reported using strategies that are compatible with a transmissive style of teaching in that they frequently have students working alone, they prefer to provide detailed explanations, and most of this group frequently set exercises for skills practice. The reform teachers reported using practices that give responsibility to the students by encouraging group work, providing less initial explanation, encouraging individual recording, and allowing students to explore mathematical ideas.

Two items on the survey yielded similar responses for the two groups of teachers. Both the traditional and reform teachers reported frequently modelling problem-solving processes and discussing problem-solving strategies with their students. Perhaps the difference between the teachers is not so much on the value they attribute to problem solving but on how students learn to solve problems and how students respond to their problem-solving lessons. 

Students’ Views about Problem Solving

Students may thwart teachers’ efforts because of their beliefs about mathematics and what constitutes mathematical activity, their resistance to new approaches, and behaviours associated with these reactions. Students’ beliefs about problem solving may influence their reactions to teachers’ attempts to use problem-solving approaches in classrooms. Because of previous experiences, students may develop narrow beliefs about mathematics with problem solving viewed as not legitimate mathematical activity, particularly if it is not associated with working from the textbook. Schoenfeld (1992) identified student beliefs, which do not support a problem-solving approach in classrooms. These included:

· mathematics problems have one and only one right answer;

· there is only one correct way to solve any mathematics problem;

· mathematics is a solitary activity, done by individuals in isolation; and

· students who understand the mathematics will be able to solve any problem in five minutes or less.

For problem solving to be a focus of mathematics classrooms, students’ beliefs about the nature of mathematics may need to be challenged yet this can be frustrating for teachers. Identifying differences in teachers’ and students’ views about problem solving helps to develop teachers’ understandings about the challenges they may face. 

Comparing Teachers’ and Students’ Views about Problem Solving

More recently, Anderson has been working with teachers at North Beach Public School (a pseudonym) to review their practices and develop approaches to engage students in richer problem-solving experiences. Using the same question types presented in Table 1, she asked seven teachers and the students from one class in each of Grades 3 to 6 to identify and explain which question types were problems (Table 4). 

Table 4

Percentage of teachers and students indicating each question type is a problem

	
	Exercise
	Application
	Unfamiliar
	Open-ended

	Teachers (n=7)
	29
	29
	100
	100

	Grade 3 (n=24)
	79
	75
	63
	79

	Grade 4 (n=30)
	20
	87
	83
	43

	Grade 5 (n=28)
	29
	64
	75
	54

	Grade 6 (n=22)
	41
	86
	91
	77


As expected, more of the Grade 3 students indicated the routine exercise was a problem than the students from each of the other grades. However, there were still several students in all other grades who indicated the addition of two 2-digit numbers constituted a problem. Their reasons for this classification reflected a view that all mathematics questions requiring an answer are problems. Two of the teachers held a similar belief while the other five teachers indicated the question only required the application of a standard algorithm so it was not a problem.

For the open-ended problem, fewer students in Grades 4 to 6 indicated it was a problem compared to the application and unfamiliar problems. The main reasons given suggested it only required the application of an algorithm with no recognition there were multiple solutions. Students’ experiences of these types of questions provided some indication of the source of their beliefs as teachers indicated they hardly ever use unfamiliar or open-ended problems, with students frequently doing exercises to practise skills and procedures. 

Teachers and students were asked to report the frequency of use of particular teaching strategies in mathematics lessons. Several items revealed similar views about what was occurring. For example there was agreement between teachers and students across all grades that students hardly ever posed their own problems or were able to choose which problems they could solve. Other items revealed differences between teachers and their students (Table 5). 

Table 5

Percentage of students in each class indicating whether each teaching strategy was used ‘often’ or ‘almost always’
	Teaching Strategy
	Year 3

(n=24)
	Year 4

(n=30)
	Year 5

(n=28)
	Year 6

(n=22)

	Students work alone to do mathematics questions
	58
	77
	61
	95

	The teacher shows students exactly how to solve a mathematics problem
	46
	37
	39
	50

	Students use calculators to do mathematics problems
	8
	0
	4
	0

	Students record answers to mathematics problems in their own way
	63
	53
	46
	68

	You learn extra mathematics from solving problems
	79
	57
	43
	55

	You use concrete materials in mathematics
	63
	37
	46
	9

	You do real-life problems which involve everyday situations
	46
	37
	21
	50


From the data, teachers’ report rarely having students work alone or getting students to record answers to problems in their own way. The majority of students in every grade reported they frequently worked alone and developed individual recording methods. Teachers report they more frequently show students exactly how to solve mathematics problems, allow students to use calculators and concrete materials, and use real-life problems with students. Students indicated these strategies were used less frequently. These differences were not extreme but the teachers were surprised by what the students suggested. Students’ responses provided an opportunity for fruitful discussions about problem-solving strategies and how teachers’ efforts could be further developed to improve students’ attitudes to problem solving in mathematics lessons.

At North Beach Public School, some teachers did have more traditional beliefs and used practices in their classrooms, which reinforced a view of problem solving as doing routine exercises rather than open-ended or non-routine problems. While other teachers reported more reform-oriented beliefs, their practices did not necessarily reflect their beliefs. The teachers at North Beach want to develop richer problem-solving tasks for their students and have planned to observe each other teach mathematics lessons, and provide feedback on the use of higher-order questions and student engagement. They are keen to use more problem-solving tasks for groups and provide students with more choice in task selection.

Problem Solving: Advice for Teachers

More recently, the generic label of Working Mathematically is used to describe problem solving and the related mathematical thinking processes deemed necessary for students to develop in schools (Clarke, Goos & Morony, 2007). Regardless of the description, developing students’ problem-solving competence is still considered a crucial component of mathematics curricula in all states and territories in Australia and in many other countries (Stacey, 2005). 

To support students’ development of problem-solving competence, the problem-solving process has been presented as a series of stages or related processes (e.g., Polya, 1957; Garafalo & Lester, 1985). If working mathematically is described as a series of processes such as questioning, applying strategies, communicating, reasoning and reflecting, these terms can be linked to demonstrate a way teachers could use them to reflect the problem-solving process (see Table 6). However, listing these strategies is somewhat misleading since solving problems is a messy process with problem solvers moving backwards and forwards between these stages as they test ideas, try a range of strategies, and grapple with making judgments about their solutions (Schoenfeld, 1992).

Table 6
Stages of the problem-solving process 

	Polya (1957)
	Garafalo & Lester (1985)
	NSW BOS (2002)

	Understand the problem
	Orientation
	Questioning

	Devise a plan
	Organisation
	Applying Strategies

	Carry out the plan
	Execution
	Reasoning and communicating

	Look back and examine the solution
	Verification
	Reflecting


It is an ongoing challenge for teachers to develop successful problem solvers given the constraints acting against teachers’ intentions and best efforts. The challenges for teachers are to:

· ask fewer questions in each lesson but use questions or problems which require reasoning;

· use rich problem-solving tasks including investigations and open-ended questions; 

· discuss with students the role of problem solving in learning mathematics; and

· allocate time for students to grapple with the underlying mathematical ideas.

References

Anderson, J. (1997). Teachers’ reported use of problem solving teaching strategies in primary mathematics classrooms. In F. Biddulph & K. Carr (Eds.), People in mathematics education (pp. 50–57), Proceedings of the 20th annual conference of the Mathematics Education Research Group of Australasia, Rotorua, NZ.

Anderson, J. (2003). Teachers’ choice of tasks: A window into beliefs about the role of problem solving in learning mathematics. In L. Bragg, C. Campbell, G. Herbert, & J. Mousley (Eds.), Mathematics education research: Innovation, networking, opportunity (pp. 72–79), Proceedings of the 26th annual conference of the Mathematics Education Research Group of Australasia, Geelong, Victoria.

Anderson, J. A., & Bobis, J. (2005). Reform-oriented teaching practices: A survey of primary school teachers. In H. L. Chick, & J. L. Vincent (Eds.), Proceedings of the 29th Conference of the International Group for the Psychology of Mathematics Education (Vol 2, pp. 65–72), Melbourne: PME.

Anderson, J., Sullivan, P., & White, P. (2004). The influence of perceived constraints on teachers’ problem-solving beliefs and practices. In I. Putt, R. Faragher, & M. McLean (Eds.), Mathematics education for the third millennium: Towards 2010 (pp. 39–46), Proceedings of the 27th annual conference of the Mathematics Education Research Group of Australasia, Townsville, Queensland.

Australian Education Council (1991). A national statement on mathematics for Australian schools. Carlton: Curriculum Corporation.

Cai, J. (2003). What research tells us about teaching mathematics through problem solving. In F. K. Lester (Ed.), Teaching mathematics through problem solving: Prekindergarten – Grade 6 (pp. 241–253). Reston, VA: NCTM.

Clarke, D., Goos, M., & Morony, W. (2007). Problem solving and working mathematically: An Australian perspective. ZDM Mathematics Education, 39, 475–490.

Garafalo, J., & Lester, F. K. (1985). Metacognition and mathematical performance. Journal for Research in Mathematics Education, 16(3), 163–176.

Henningsen, M., & Stein, M. K. (1997). Mathematical tasks and student cognition: Classroom-based factors that support and inhibit high-level mathematical thinking and reasoning. Journal for Research in Mathematics Education, 28, 524–549.

Lambdin, D. V. (2003). Benefits of teaching through problem solving. In F. K. Lester (Ed.), Teaching mathematics through problem solving: Prekindergarten – Grade 6 (pp. 3–13). Reston, VA: NCTM.

Lovitt, C., & Clarke, D. (1988). Mathematics curriculum and teaching program, Activity Banks 1 and 2. Carlton, Vic.: Curriculum Corporation.

NSW Board of Studies (2002). Mathematics K–6 Syllabus. Sydney: NSW BOS.

Peter-Koop, A. (2005). Fermi problems in primary mathematics classrooms: Fostering children’s mathematical modeling processes. Australian Primary Mathematics Classroom, 10(1), 4–8.

Polya, G. (1957). How to solve it. Princeton: Princeton Uni. Press.

Schoën, H. L., Cebulla, K. J., Finn, K. F., & Fi, C. (2003). Teacher variables that relate to student achievement when using a standards-based curriculum. Journal for Research in Mathematics Education, 34, 228–259.

Schoenfeld, A. H. (1992). Learning to think mathematically: Problem solving, metacognition and sense making in mathematics. In D. A Grouws (Ed.), Handbook of research on mathematics teaching and learning (pp. 334–370). New York: Macmillan Publishing Co.

Stacey, K. (2003). The need to increase attention to mathematical reasoning. In H. Hollingsworth, J. Lokan, & B. McCrae, Teaching Mathematics in Australia: Results from the TIMSS 1999 Video Study (pp. 119–122), Camberwell, Vic.: Australian Council of Educational Research.

Stacey, K. (2005). The place of problem solving in contemporary mathematics curriculum documents. Journal of Mathematical Behaviour, 24, 341–350.

Van de Walle, J., Designing and selecting problem-based tasks. In F. K. Lester (Ed.), Teaching mathematics through problem solving: Prekindergarten – Grade 6 (pp. 67–80). Reston, VA: NCTM.

Wilson, M., & Cooney, T. (2002). Mathematics teacher change and development. In G. C. Leder, E. Pehkonen, & G. Torner (Eds.). Beliefs: A hidden variable in mathematics education? (pp. 127–147). Dordrecht: Kluwer Academic.
Wright, B. (1992). Number topics in early childhood mathematics curricula : historical background, dilemmas and possible solutions, Australian Journal of Education, 36(2), 125–142.

Communication skills





Personal attributes e.g. confidence, persistence, organisation





Helpful beliefs e.g. orientation to ask questions





Abilities to work with others effectively





Heuristic strategies





Deep mathematical knowledge





General reasoning abilities





Solving problems successfully requires a wide range of skills








